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(05.00059M505 7 bobsbo 2.2-%y);
8) {27,25.24,2,21,D},{Z7,25,24, 25,2, B} (0b.c000505 8 B3bsH03.4-%y)

9) {Z7,25,24,23,2,,D};  (0b.c00s585 9 Bobsbo 2.2-%9);

10) {27,225, 24,2,},{Z7. 26,25, 24, 21}{Z7. Z5,25,24,D},{Z7,24,25,2,, D},
{21.25.25,21,D},{Z5,2,,23,2,, D} (0b.000p6585 10 Bsbsbo 2.2-%9);
10) {Z7,2.25,24,2,,0},{Z;,25,25,24,Z;,D}; (0b.osp®sBs 11 Bobsbo
2.2-%g);

\.\,.,
~—v-/~_,_/
P N
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12) {27,24.25.24,23,21},{27.26.25,2,,2,0}.{Z7.24,25,2,,2,, D},
{Z5.24.23,2,,2,, D}; (0b.c000g535 12 Bibobo 2.2-bg);
13) {Z;.25,24,25,25,2;,D};  (ob.cosg®s05 13 Bobobo 2.2-%9);

) {27,26,25.24,25,21,D}; (0b.0op®585 14 Bobsbo 2.2-%g);
15) {Z;.,24.25,24,Z5,Z,,D}; (ob.cosg6505 15 63b5%02.2-%);
16) {Z;.25.25.24,25,2,.2,,D}; (ob. @0336585 16 63bsb02.2-B);

T’" . . .
v T UT" T"OUT"
mT T” T'UT”
iT”g 0 ; T ? ; :
T 7
5 T OUT"UT" S D N D
" Z DZZ Z Zl DZ2 Z ZZ
T uT Z, . Z, Z, z, Z Z,
" Z, 74 W7 Z.@®Z, 7.4 B7
z, zZ, zZ, Z;
14 15 16

6sb.2.2

3.25(X,8) 3msbol  Bsbggs®Bglg®gdoo  gsblsdmgGrwo B, (D)
Babgzatxamaol 0009303 96¢ MmO 099dgb@gdo, 63
Z, #D. 803900 3565305830  gobbowemos  Z,(X,8)  3wsboom
249bLsBPZOHWo BB FodsMmgdosms LGMWMEro BobgzsMXYMegO0
@5 sofgBowos  dmigdvwo  bobgzomxamaol  0©9ddm@gbdveo
98963 gd0.  asbbowyemos ol Fgdmbggzs MmEs X Labitmerm
bodMogangs s Z, #L. godmyzsbowos gm®mIMwgdo, G®IgEoms
153MOWIOOMSF  OIMILOC0S dm390wyero Bobgzotrxamzzol
0009933 96¢v6H0 9egdgb@gdol Mom@gbmds.
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800300 D={2;,24,25,24,25,2,,2,,D} € Z4(X.8).

Q (i=1 2,3,...,16) LodBdMEMIBdom  5036086m®  FgdY0
LodMagenggdo:

1) Q ={T},bosg TeD (ob. @0ogMs0s 1 Bsbsbo 2.2-by)

2) Q={T.T'},bocosg T.T'eD, T =T’ (0b. 0555 2 Bobsbo 2.2-%g)
3) Q={T.T"T"},bsosg T,T.T"eD,TcT'cT’; (ob. osp®sds 3
Bobobo 2.2-%9)

4) Q, :{T,T',T”,T'"},l)bcgbg TT T T"eD, TcT'cT'cT",(ob. @osa©53s 4 Bsb
2.2-%y)

5) Q, ={Z,,T,T'T".D}, bssg Z,,T.T,T",DeD, Z,cT<T'cT"cD
(0b. ©0ogMsds 5 Bobobo 2.2-%)

6) Q, ={T.T' T T'UT"},bscosg T,T'.T"eD, TcT . T<T,
T\T"2, T"\T' = (0b. ©053M35 6 Bobsbo 2.2-%y)

7)Q={T, T T T"T"UT"},bsosg  Tc<T'cT", TcT'cT",
T\T" =, T"\T" = (0b. ©0sgMs3s 7 Bobsbo 2.2-%y)

8) Q, ={Z,.T.2,,2,,2,,D}, bowog T €{Zq, Zs} (ob. 05385 8 Bobsbo
2.2-%y)

9) Q ={Z;,25,2,,Z,,Z,, D}, (ob. @os®535 9 Bobsbo 2.2-%bg)

10) Qu ={T, T T"T'UT"T"}, Wwsg TcT', TcT", T\T"=#J,
T\T' =, T'UT"<T" (ob. @0sg®s8s 10 Bsbsbo 2.2-%yg)

11) Q,={7,,2,,2,2,T.D}, bowsg Te{Z,Z}, (ob. osy®sds 11
Bobobo 2.2-%g)

12) Q, ={T, T T"T'UT" T"T'UT"UT"}, bsosg T T, TcT", T\T" 22,
T\T'20, T'cT", (T'UT'\T"2Q, T\(T'UT")%J, (ob. osp6sds 12
Bobsbo 3.4-by)

13) Qs ={Z7.25,24,245,2,,Z,, D}, (0b. @osgsds 13 Bobsbo 2.2-%9)

14) Q, =1{2,,2,,2,,2,,2,,Z,,D}, (0b. @os®s3s 14 Bbsbo 2.2-%g)
15) Qs ={Z;,Z5,Z5,2,,Z,,Z,,D} (0b. oo 15 Bobsbo 2.2-%g)
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16) Qg = {Z7,ZG,ZS,Z4,Z3,ZZ,ZI, Ij} (0b. ©053M335 16 Babsbo 2.2-%y).
ogm6gds 3.1. godgom DeX,(X,8), Z, #P s aeB, (D). B, (D)
Bobggotxamxzol o  dobsHvyeo  FodsMmgds  sMob  dmEgdmero

Bobg3960XaMBOL 00733mGHIBGHWO0 gewgdgbBHo 05906 s Tbmerme
35806, MmEs a  d0bs@eo FodsMmgds 93004Mmx0wgdl 99090

3060090056 gHm-9OHo:

1) a=XxT ,bssg TeD;

2) a=(Y¢ xT)U(YxT'), bsgsg T.T'eD, T<T', Y7, Y ¢{D}, o
53054 x309dl 9909 30OHMdIOL Y.L T, Y NT' =D ;

3) a=(YxT)u(Y xT)U(YxT") bssg ~ T.T'T"eD, TcT'cT,
YOI e {D), o 93059mzmowgdl  99dgy  306mdgdl Y ST,
YUY ST YT 2D, YinT" #3;

4) a=(Ye xT )oY xT)O(¥ExT ) O (¥s xT"), bagoag T.T,T'T"eD, TeT'eT'cT",
YOS Y (D), oo 938symzomadl 899gy  306mdgdl: Ve oT,
YUY T YUY T O oT, Y NT ' #8, Yo nT" =D, Yo NT" =D
5) &= (¥ xZ, )oY xT (¥ xT') (Vi xT")U(¥ xD) , bosg Z,cTcT cT'ch
YO XS YEYEYS 2 {D), 0o 9305gmzomgdl  893gy  306mdgdl
YA 5Z, YOUYS ST, YAUYSUYS ST, YSuYsuYsouYs oT”,
Y AT 2D, Y AT 23, YT =D, Y ND=J;

6) ar=(Y xT ) (¥ xT)u(%i xT") U (¥ x(T'UT")) , bacesg T.T'T"eD,
TcT . TcT", T\T"2@, T\T'=2@, Y YY" ¢{d} ©>
530594mxowgdlb 999y  306MHMdIPL YUY T, Y uUYS oT”,
YoNT #0, YONT "=

7) a =Y xT )Y xT YO (Y xT ) U (Y xT ") UYL x (T7UT")),
Lssg TeT' T, TeT' cT", T"\T" =3, T"\T"=0 Y7 Y/ Y5, Y e{@}
@5 93004mBogdl  d90gy  306MHMBZOL Y oT YUY oT,
YPOUYSOYS T, YUY UYS oT" YIS NT ' #0,  YOnT"=d,

YoonT" =D .

13



8) ar=(Y; xZ, (Y xT)u(Y xZ, ) u(Yy xZ, ) u(¥* x Z,)u(¥s x D),
boog T €{Z, Zs}, Y Y Y0, Y ¢ {D) oo 93859mz0wgdl 899009
3000090L: Y 2Z,, YUY 2T, YUY uY,S 2Z,, YA UYF UYSUYS 2Z,,
YooY oY, oY o7, Y N\T =, YiNZ,#DYX' N2, #I,
Y "NZ #J

9) & =(Y; xZ, )Y xZg ) (Vi % Z, )L (¥s x Zy ) (Y xZ, )u(Yy x D),
boog, Y7 YS Y YE Y Y 2{D) o s30sgmzomadl 8990093
3000M090L Y, 2Z,, YUY 2Z,, YL UYSUYS oZ, YUY uUYS o2z,
YeNZ 2D, VN2, 2D, Y NZ, =D, Y "D=J;

10) a =Y xT) U (Y xT ) O (Y xT YOV < (T UT ")) U (Y2 xT"),
boogTT , TcT  T\T 2@, T\T'+@, T'UT"cT", YV Y0 Y ¢{d)
5 5305YymBomgdl 9989y 30MHMdIPL YUY 2T, Y UYL oT",
YT #2BYnNT" =D, YonT" = ;

11) @ = (Y% Z, ) (Ye x Zg U (Ya x Zg ) (Yy x Z, )Yy < T )u(¥s x D),
boog T €{Z,,Z,}, Y7 Y& Y2 Y Yy ¢ {D) 0o 938symzomgdls 3939y
3060mdOL:, Y UYS DZy, YUY DZ, YUY uUYS Y uY T,
Y NZy =D, VN2, = DY AT =D, Y ND=J;

12) @ = xT o (%)oY xT )oY x(TUT) U WX A g (T UTUT)
boogTcT ., T T, T\T" 23, T"\T'20,T"cT",(T'UT"\T" 22,
T'”\(T'UT”) IR A S A A A gy {@} @5 53059mz30gdl 3999y
306HmdYOL: YoOUYS T, Yo OUYS T, YA OUYSOYS T,
AT 2B, YT 3 YL NT" =D ;

13) 0= (¥ xZ, JU(Ye xZg ) o(Yi % Z, ) U(Ys xZ,) o ¥y x 2, ) (Y, xZ,) (Y D)
boo Yo Ve Y, Y Y, Y Yy e (D) o 9300gmzomgdl 89909
3060mdqdL: Y, 2 Z,, YUY 2Z, Y7 UYSUY oZ,, YUY uY, o7,
YUY OY, Y o2, YSnZ, D, YynZ,zD, Y NZ,#OD,
Y NZ #D;

14) & = (Y, xZ, )o(Ys x Zg )0 (Y xZs ) (Vs xZ, ) (Y5 % Z) u(Yy xZ, ) (Y5 < D)
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oo Y7 Yy Yo Y, Y YYD} oo 93859mzowgdl 898gp 306m393L:
YUY D2, YUY 2 Z, YUY UYY o7, YN 2D, Yy N2 D,
YinZ, 22, Y ND#J;

15) &= (Y xZ, ) U( Yy xZ, ) O(Ye xZ ) (Vi xZ,) (Y5 xZ, ) u(Y, xZ,) o Yy xD),
bosg Y7V YV e {D) oo 9305gmzomgdls 83999
3060mddL: YUY 2Z,, YSUYS 2Z,, YSUYSUYSuYSuY, oZ,,
YUY OYSUYS OY, DZ, YeNZizD, YInNnZ, =D, Y NZ,zD
Yo NZ #DT;

16) &= (Y7 xZ, JU(¥¢ xZ, JU(Ye X2, JuYe X2, o 2, )oYy xZ, ) 1 xZ, )oYy xD)
boog Yy Ve YL Y Y Y Y Y e{D) o 038symaomgdls 89909
3000M090L:  Y* ©Z,, YUY 2Z, YUY 2Z, YSUYSUY, >oZ,
YUY UYSOY,UY,) D7, YIANZ 2D, Y NZ,#=D, XN, T,
Y, N2, #D;

@gds 3.1. gogdgom DeZ(X,8) s Z, 2T .0 Xstol Loltrmm
LodMsgeg d5dob |I* (Q )| -0 LBoAdEs3Mg 49FMOMZWGds BMMTNOm

I"(Q)|=8.
@g8s 3.2. goggom DeXy(X.8) ws Z,#3. oy X o6l Lboldeyemm

LodMmsgEg 35306 ‘l* (Q )‘ -0b bLOBAWsZMY POTMOMZWIOS FMOHTYXOM
| (Qz )| _ 2\0\27\ 1 .Z‘X\D‘ " 2\5\26\ 1 .2‘X\D‘ " Z\D\zs\ 1 .2‘X\D‘ +

Z\D\ZA\ 1 .Z‘X\Ij‘ + 2\[‘)\23\ 1 .Z‘X\D‘ n 2\6\22\ 1 .Z‘X\D‘ 4

APVl ). g0l (gze\l _q). ol (g7l ). okl

Z\ZA\Z7\_1 _Z\X\z4\ i 2\23\27\_1 .2‘X\Z3‘+ 2\22\27\_1).2\)(\22\_’_

22Nz 1), o\l (o221} olXVZl  (9lZAZs] 1) oX\Ze| |

2\21\25\_1 _Z\X\zl\+ 2\24\25\_1 .2X\ZA+5223\25_1 _2\X\zs\+

2‘22\25‘ ~1)- Z‘X\Zz‘ + 2‘21\25‘ ~1)- Z‘X\Zl‘ + 2‘22\24‘ ~1)- Z‘X\Zz‘ +
oz 1), oz | (2\21\13\ _1) L olx\z|

+ o+ + o+ + + o+

@g8s 3.3. gogdgem D e (X,8) s Z, 2T .09 X 560b bolideyenm
LodMmsgEgs 85306 || (Q )| -0b bLOBAEWH3MY FIIMOMZEGOS FMMIYO:
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I*(Q3)‘ (2\21\27\ ) (3\D\z,\ 2\5\21\ S\X\D\ (2\22\27\71). 3\0\22\72\0\22\ .3‘X\D‘+

olz\zil _1). 3\D\z3\ Z‘D\Za‘ 3\x\D\ (2\24\27\_1). 3\0\24\_2\0\24\ ~3‘X\D‘+
2l25\24] 1) 3\D\zs\ Z\D\zs\ S\X\D\ (2\25\27\ ) 3\5\26\_2\5\26\ .3\x\b\+

(

(

olze\zi| _

EZZG\Z? 3
olz\zi| _
oz _
olzazi| _
22| _

( )

(

(

(

(

3‘24\25\ 2‘24\26 3‘X\ZA‘ + 2‘2 $\Z7| _ 3‘22\25‘ _2‘22\26‘ ,3‘X\22‘ +

3‘2 1\Zg| 2‘21\26‘ 3‘)(\21‘ + 2‘25\27‘ (3‘24 \Zg| 2‘24 \Zg| ) . S‘X\ZA‘ 4
3‘23\25 Z‘Za\zs S‘X\Za‘ 2‘25\2 7l . (3‘22\25‘ _ 2‘22\25‘ ,3‘X\Zz‘ +
32\l _ olmzs| | gX\a| 2\24\27\ —1). (37 2 _olZ\zal ) gX0Ze|
3\21\24 2\2 \Z,| 3‘)(\21‘ + 2\23\2 | ~1). 3\21\23\ 2\21\23\? S\X\z,\ +

‘Z \Z| _ ‘22\24‘ ‘X\Zz + 2\24\29\ ‘21\24‘ [z\z, 3‘)‘\21

2lZ\zs| _q 3\D\z4\ Z‘D\Z‘,‘) 3\x\o\ (2‘2 2z _q ) ?SD\ZZ\ Z\D\zz\ 3\x\D\

2\2,\26\ 1)

27l ) (37l g ) gl (el g, 3‘°‘ZA‘—2‘°‘24‘)-3"“5‘+

21Z5\2Zs| _ 1) 3%\%| _ 2\21\23\ 3\x\z1\+(2\z3\25\_1). 3‘5\23‘_2‘0\13‘).3"‘\5‘_,_

olz2\ze| _ 1) 530\22 _olPzf) gxof (2\21\25\_1). g0zl _ oIP\zi[) X0l |
1

S\D\zl\ 2\0\21\ S\X\D\ 2\24\25\_1 . 3\22\24\_2\22\24\).3\)(\22\_'_

+++++++++++++

+ 2\22\24 _ gP\Ze| _olP0\Z2|) gx\0| (2\2,\2A\ _1)‘ gP\z| _ olP\zi] ) gxi0|

2\2,\23\ B\D\z,\ Z\D\z]\ B\X\D\

g5 3.4. goggom D e, (X 8) ©5 Z, 2D . v X 560l boberyemm
LodMmsgEg 35306 || (Q | -0 LOAIE36Y F9BMOMZGDS BMOIYOM

" (QA)\ _ (2\zs\z7\ _ 1)_(3\z4\z5\ _ zwznzs\),(4\f>m\ _?,\D\za\)_ Al (zwze\zw _1).(3\22\26\ _2\zz\za\),
4‘5‘12‘_3‘5\22‘ ,4"“5‘4_ QT _q), (g5l _ ol ,(4‘5‘21‘_3‘5‘21‘ ,4‘X‘D‘+ W\z| _q
,(3\24\25\_2\24\25\). 4‘5\24‘_3‘5\24‘ ‘A\X\D\+(2\25\z,\_1).(3\23\25\_2\23\25\)_ 4‘5‘23‘_3‘5\23‘ _4"“5‘

+(2\Zs\27\_1)_(3\zz\zs\_z\zz‘zs\). 40zl _qPpz _4\X\D\+(2\25\z7\_1)_(3\21\25\_2\21\25\)_
{405 gn g (g (405019
‘(3\11\24\_2\21\%\ . 4f’\zl_3'5\21?_4x‘5+ Tl _q), (9Bl _ oz, 4"5\21‘_3‘5\21‘).4"‘\[3‘_,_
+(2\zs\z7\ 1) (3\24\25\_2\24\25\),(4Zz\zo\_3\22\24\).4\"\22\+(2\Zs\z7\_1 ,g?’\za‘zs\_z\zﬂzﬂ )

E JRzl_qazl) 4 \X\Z1\+(2\Zs\zv\_1)_(3\23\25\_z\zs\zs\),(4\zﬂzs\_3\11\23).4\X‘Zl\+ ozl ).
(3l g2z ( \ZZ\Z,,\_3\22\24\)X4\X\Zz\+ 2\26\27\_1),(3\24\26\_2\24\16\),(4\21\24\_3\11\Za\ Xl
+(2\z4\ze\ ) 1).(3\22\24\ ) zwzz\zow)_ Pl _3\D\Zz\), A0 +(2\z4\zs\ ) 1)_(3@\1.\ ) zwzazo\)_ APl 3\0\21\).
4 +(2\z,\zs\ _1).(3\22\14\ _z\zz\za\)x 4Pzl Pzl 40 +(2\ZA‘ZS\ _1).(3\21‘24\ _2\21\24\).
,(4‘5\21‘ _ 3‘5\21‘),4"(“j‘ + (2\23\25\ _1) . (3\21\23\ _ 2\21‘23\).(4‘0‘21‘ _ 3"5\21‘)_4"“5‘
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@gds 35. godzom DeX(X.8)s Z, 2T .09 Xos6ol Labtrgem
LodGgEry 35806 [I°(Q)
|| | ( ol26\z1| _1).(3\24\25\ _ 2\24\25\),( 4172 _3‘22\24‘).(5‘5\22‘ _4\5\22\)'5@\5\ +

+<2\26\Z7\ ) ( 92\%| _ \za\za\) <4\zl\z,,\ gl S\D\zl\ _4|5\zl?.5xuj +

+<2\zs\z,\ ) ( ) (4\z2\24\ \ZZ\ZA\). ‘VD\ZZ‘_A"VD\ZZ )'5 v

+< lZs\Za| _ ) (3\24\25\ \Za\Zs) (4\21\ZA\ \21\24\) \D\Zl\_4\D‘Z1\ _5\X\D\+
( )

( \25\27\ ) 3\z3\zs\ \za\zs\ ( \zl\ze\ \21\23\).(5\5\21\_4\5\21\ .S‘X\Ij‘

-0b LoAdW 3 A5TMOMZEYGdS BMMOTNO:

3\24\25\ \24\25 [x\p| +

@gds 3.6. goggom DeX(X.8) wo Z, 2T .09 Xotol Loldeymm

LodGsgEy 35806 [I°(Q;)

|*(Q5)|= 2\25\26\ _1). 226\25—1%-4X\Z‘+5223\26 _1;.5226\23 _1;.4x\zl+
X 2\23\24\ _1). 2‘2“\23‘—1 .4\X\Zl\ X 2\23\22\_1 ) 2\zz\z3\_1 .4‘X\D‘+
LBzl _q). 2‘22\21‘—1)~4‘X\D‘+ o2zl _q).(92l _q .4‘X\D‘+
X Z‘ZS\Z“‘—l ) 2‘2“\23‘—1 .4\X\Z1\+ 2\23\22\_1 ) z\zz\zs\_l .4‘X\D‘+
s | R | R i |

@g8s 3.7. goggom DeX;(X.8)s 7, 230009 Xsmob Loldeymm

-0b LoAdW 3G A50MOMZEYds BMMTIMEO:

I"(Q )| -0b LOAAWHZMY BOTMOMZWIOS FMOHTCOM
(@ (B )2 g 5 )

n 2\25\27\ _ '2\ Z3nZ,)\Zs| 3\23\24\ \zg\z,,\ 3\24\23\ _ 2\24\23\ .5\><\zl\
+ 2\25\27\ _1). Z3“Z )\Z| E3Za\zz 2\23\22\ 3\22\23\ _ 2\22\23\ ,5‘)(\[3‘
+ 2\25\27\ _1). ZWZZ )\Z| (3\21\22\ 2\21\22\),(3\22\21\ _ 2\22\21\ ),5‘X\D‘
+ 2\24\Z7\ ~1)- ZI“ZZ NZ4| (3\21\22\ 2\21\22\) 3\22\21\ _2\22\21\ ,5‘X\D‘
4 2\z4\ze\ ). ZanZ NZ4| (3\21\22\ 2\21\22\ EBZZ\Zl _ 2\zz\zl\ .5\><\[‘>\
w277l _q). Zmz Nz, (:?’\zl\z2 _ oz '(3\z2\zl\ _ 2\22\21\)'5\X\D\

wgds 3.8. godgoo DeX(X8)cs Z, 2T .o Xotob Loltwmmm
1" (Q, )| -0b bLOIIWH3MY Q5FMOMZLGDS FMOIMEO:
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[1°(Q)| = (2717 1) (8717l 215 ezl (4ol 3\z1\zz‘).
. 4\22\21\ _3\22\21\ .G\X\D\ +(2\25\z7\ _1)_(3\24\z5\ _ 2\24\z5\)_3\ Z,nZ,)\Z,
E ;.(412\21 - 3\22\21\ ) . G\X\B\

@gds 3.9. goodgom DeZ (X,8)s Z,2T. o Xobob Lbobdemm

"(Q)
|* (Qg )| _ (2\25\27\ _1) . 2‘(ng24)\25‘ .(3‘23\24‘ i )
.(3\24\23\ _ 2\24\23\ ) . (G\D\zl\ _5\5\21\)_6\><\5\;

@985 3.10. goodgom DeZ,(X,8) s Z, #D. oy X s60b Lol

(4722 _ q2:\2|

-0b LoAdWs3MY 25TMOMZGdS BMOTNYOO:

LodMH3e0g 35000 ||* Qp |—0b 10dd53Mg 450MOMNZEGOS BMEOHTMEOM

1" (Q)] = (2% 1)-(2‘25‘26‘—1)-( ‘D‘Z‘*‘—4‘5‘Z‘*‘)-5‘X‘D‘+
427\l 1 ) ol2\zs| _q ) 5\5\21\_4\15\21\ 'S‘X\ﬁ‘_i_
(27l _q1 ) ol2\2 _q 5\5\21\_4\5\21\ .5‘X\I5‘+

(2% 1)
+(2ze\zs (Zzsxze 1) 7% g7 ) 5
o

Ca)

+ Z‘Ze\zs‘ 2‘25\26‘ -1 5‘21\24‘_4‘21\24‘ _S‘X\Zl‘_l_

+(2\24\z3\ ) olz\zi| _q 5\5\21\ _4‘5\21‘).5‘X\D‘
@985 3.11. gondgoom DeZ;(X,8) s Z, # D009y X s60b Labitrryemne
LodGsgEg 35806 [17(Qy)

‘l (Qn)‘ (2\25\25 71).(2\25\25\ 71)_(5\22\24\ 422\24)'56D\22 75‘5\22‘)-6‘“5‘

-0l LA V3] 350MOMZEGdS BMMIMEOM

+(2\25\z5\ ,1) _(2\25\26\ ,1)_(5\21\%\ ,4\21\24\), 6"5\21‘ ,5"5\21‘),6"(\'5‘
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The fundamental notions of the theory of binary relations were first
introduced in the works of De Morgan, Pierce and Frege which dealt with
mathematical logic. It should be noted that the geometrical aspect of the
theory of binary relations is the graph theory. The graph theory is a part of
the theory of binary relations though this theory is considered individually
because it studies the properties of binary relations for special applications of
the theory of binary relations.The language of binary relations is very
convenient and natural for the appli-cation in mathematical linguistics,
mathematical biology and in a whole number of other applied areas of
mathematics.The theory of binary relations also has an important application
in the au-tomata theory. In particular, each finite universal automated device
can be rep-resented as a marked orientated graph called a diagram of states.

Furthermore, the theory of binary relations plays an especially
important role in the part of mathematics which is called the algebra of
partial mappings. Taking this fact into consideration, V.V.Wagner gave a
systematic exposition of the theory of binary relations and the general theory
of n—relations in the most suitable form for the application in the algebra of
partial mappings.

Since any semigroup can be isomorphically embedded into some semi-
group of binary relations, when investigating subsemigroups of a semigroup
we generally study semigroups. Besides, idempotents, unilateral units,
irreducible and external elements of semigroups play an exceptionally
important role in the study of the abstract properties of semigroups.
Difficulties encountered in studying semigroups of binary relations arise be-
cause of the fact that they are not regular as a rule, which makes their
investigation technically problematic. So we think it interesting to carry out a
systematic study of semigroups of binary relations and their most important
classes using complete X — semilattices of unions. which used first by one
of the authors Yasha Diasamidze in his doctor dissertation. It is this new
direction, we can describe it in a few words as follows.

E(X,m) is the class complete X — semilattices of unions whose
every element have the power m. Let D,,D,,...,D, are any complete
X — semilattices
of unions of the class Z(X,m) for which D; and D; are not isomorphic

(lé i#]j< n) L Z, (X , m) is the class complete X — semilattices of unions
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whose every element is isomorphic to some fixed semilattice D,
(1<k <n) which has the power m.

By using the complete X — semilattices, the study of complete set
B, (D) of all a binary relation semigroups and spreading of the results are

highly supported by Sh. Makharadze. The schientific degrees in this
direction were successfully defended by Z. Avaliani, G. Partenadze, O.
Givradze and N. Rokva, also the degree of mathematical academic doctors
were defended by D. Ieshil and B. Albayrak in the republic of Turkey.
GOALS OF THESIS

The main goal of the dissertation work is to examine the characteristics of
complete semigroups abstract features of binary relations, which are
defined by complete X- semilattices of the class %, (X,8).

The research subjects are complete X — semilatteces of the class
¥;(X,8), as well as all complete semigroups of all binary relations

defined by those semilettices, because the given semilattices, as the
research shows, carry important information about complete semigroups

of those binary relations, which are defined by semilattices
SCIENTIFIC NOVELTY OF THESIS
For the first time, the classes of all complete B, (D) of binary relations

are discussed, which are defined by class 3;(X,8) semilettices. The study

of semigroup class and each element of the class is done based on the
characteristics of the complete X -semilettices. The results obtained in
the work gives us opportunity based on the diagram of semilettices
defining that semigroup to talk about the many features of the given
semigroup, namely, do they possess right elements, what kind of
idempotent elements they would have, maximal subgroups, regular
elements and other features.

All  subsemilettices of class ¥;(X,8)are described and

X1 — subsemilettices are separated. When X is finite set, calculation
formula for semilettices of class ¥, ( X,8)quantity is shown.

Idempotent elements of semigroup B, (D) of X,(X,8) defined by

each D lettices and regular elements are described. When X is finite set,
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calculation formula is shown. Also, maximal subgroups of semigroup
B, (D) defined by semilettices of class X, (X,8) are described.
BASIC METHODS OF INVESTIGATION

As it is known, idempotent elements of semigroup, partial elements,
regular elements, maximal subgroups play important role in examining of
abstract features of semigroups. Therefore, a great attention is paid to
those topics in studying of complete semigroups classes of binary
relations.

The study of semigroups is carried out based on the features of
semilettices in the dissertation work. Important part of the abstract
features of complete semigroups of binary relations is mainly determined
by those complete X- semilettuces, which define elements of given class.
In the work, the theory of lettice, semigroup theory, set theory and
general method of combinatorics are used.

THE PRACTICAL AND THEORETICAL IMPORTANCE OF THE
THESIS

The dissertation is mainly theoretical. The results of the work can be used
for investigating semigroups and semilattices in future.

GENERAL CHARACTERIZATION OF THESIS
1. Regular Elements and idempotents of some Complete semigroup
binary relation.
Lemma 1.1. Let Q={Ty,Ty... Ty3,Tpo. Tn, T} (M26)

m o . .
be X —semilattice of unions . Then Q is always an

m-2 m-1 . . .
X| — semilattice of unions.

m-4 T3 Theorem 1.1. Let Q={Ty, Ty, Ty 5T 0, T0, T} (M26)

$m—5 be X semilattice of unions If the XI — semilattices Q
L m® and D’={fo,fl,...,fm_s,fm_z,fm_l,fm} are @ — isomorphic
U
T, and |Q(Q)| =m,, then the following equality is valid:
To R(D")=mg .(Z\ﬂ\m _1).(3\Tzwz\ _ Z\Tzwz\).
Fig.1.1
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(m 4)‘Tm 4\Tm 5‘ ( 5)‘fm—4\fm—5‘) (m 4)‘(( m- 1me 4)\Tm 5)‘
((m 4 ‘Tm S\Tm 6‘ (m _ 5)‘fm—5\fm—6‘ ) . ((m _ 3)‘fm—4\fm—1‘ _ (m _ 4)‘fm—4\fmfl‘ ) .
( ‘T 3\Tm 4‘ ( 4)‘fm—3\fm—4‘ ) . ((m _ 2)‘fm—1\fm—2‘ _ (m _ 3)‘fm—l\fm—2‘ ) .
(m+nV”.
Corollary 1.1. Let Q={Ty,Ty,.... Ty, Tn2: Tt T} (M>6) be X - semilattice
of unions, If Eg(r) (Q) is the set of all right units of the semigroup By (Q),

then

‘E r) ‘ (z\rl\T(,\ 1) (3\T2 Jp A ) . (( 4)\Tm_4\Tm_5\ _(m B 5)\Tm_4\Tm_5\ )
(m- )\( 1o )T (( 4)\Tmfs\Tm—e\ ~(m- 5)‘Tm—5\Tmf5‘ ) , ((m _ 3)‘Tm—4\Tm—1‘ ~(m- 4)\Tm,4\rm,1\ )
‘ ( (m B 3)\Tm,3\Tm,4\ _(m _ 4)\Tm,3\Tm,4\ ) . ( (m _ z)hm,l\Tm,z\ _(m _ 3)\Tm,l\Tm,2\ ) (m N 1)\X\T,,,\ .

T

Tm Lemma 1.2. Let Q:{TO,Tl,TZ,T3,T4,T5,T6,...,Tm_l,Tm} (m>6)
m-1

be X - semilattice of unions, Then Q is always an XI —

Ts semilattice of unions
Ts  Theorem 1.2. Let Q={Ty,T,,T,,T5,T,.T5, Tos Tyt T} (M26) be
T, T, X-semilattice of unions, If the XI — semilattices Q and

T T, D'={'ITO,'|71,'F2,...,'Fm} are & —isomorphic and |Q(Q)|=m0

To then the following equality is valid:
Fig.1.2

|R(D')| =m, .(3‘ﬁ\f3‘ _z\ﬁ\ﬂ\).(g\ﬁ\ﬂ\ _1).(2‘f2\f1‘ _1).(7‘f6\ﬁ3‘ _6‘ffi\f€»‘).
.(8\T7‘T?s\ A )...(m\fm—l‘fm-z\ ~ (1)l )-(m )Xl
Corollary 12. Let Q={To.T.Tp.ToTsTs.TerTma T} (M26)  be

X - semilattice of ~unions ,If E{’(Q) is the set of all right units of the

semigroup By (Q), then the following equality is valid:
‘E&r) (Q)‘ _ (3‘T1\T3‘ _ Z‘TA\TB‘ ) . (2‘T1\T4‘ _1) . (Z‘Tz\m _1) . (7‘T5\T5‘ _ G‘TB\TS‘ )
. (8‘1—7 \Te| _ 7‘T7 \Te| ) . (m‘Tm—l\Tm—Z‘ _ ( m— 1)‘Tm71\Tm—2‘ ) . (m 4 1)‘X \T| )
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Lemma 1.3. Let Q={T;,Ts,T5.T,,T5,T,, T;, Ty} € X5(X,8) be X - semilattice of
unions, Then Q is always an Xl — semilattice of unions
Theorem 1.3. Let Q={T;,Tg,T5,T,, T3, T, 71, Ty} € X5(X,8) and
0
T, T, |23(X,8)| =M,. If X be finite set, and the XI — semilattice

A Qand Q{71,155 T) are @~ isomorphic, then
5 6
T,  the following formula is true

Fig. 1.3
|R(Q')| =m, ,(zTe\Ts _1),2(T3“T2)\T4 ,(2T5\Te _1),
[F ) g
Corollary 1.3. Let Q={T;, 5. Ts. T, T, To. 1. T} € 55 (X,8), If X be a

finite set and E(Xr) (Q) be the set of all right units of the semigroup

B, (Q) , then the following formula is true

‘Eg) (Q) _ 2\T6\T3\ _1)_2\(T3mT2)\T4\ _(Z\TS\TG\ _1)_
_ 3\T3\T2\ _2\T3\T2\)_ (5\T2\T1\ : 4\T2\T1\)_8\X\T0\

2. Subsemilattice of The Semilattice Class X, (X,8) in this paragraph we

will give complete classification all X| — subsemilattices of the semilat-
tices of the class ¥;(X,8)we derive formulas by calculating the numbers

of semilattices of the given class.
5 By the simbol Z5(X,8) we denote the class of all

7 Z, X — semilattices of unions whose every element is
7 isomorphic to X — semilattice of the form
5 6 p
oo o D=1{2,.2,.2,.2,,2,,2,,2,,D}, The semilattice

is shown in Figure 2.1.

Lemma 2.1. Let De¥,(X,8), [£;(X,8)=s and [X|>5>4.1f X bea
finite set, then s:%-(S“—4-6”+6-7”_4.8”+9”).

Example 2.1. Let n=4, 5, 6, 7, 8, 9, 10, then:
s =24, 840, 17760, 147000, 2099412, 27156780, 327284760 and
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|BX (D)| =4096, 32768, 262144, 2097152, 16777216, 134217728, 1073741824.

The number obtained show that if, for instance |X| =10, than the number

of elements in the class of semigroups , where each element is defined by
some semilattice of the class is equal to X, (X ,8) 327284760 , while the

number of elements in each semigroup belonging to this class is equal to
1072741824.
Lemma 2.2. Let DeX,(X,8) and Z, #. Then the following sets are

all XI — subsemilattices of the given semilattice D :
1) {Z:}{Z6}.{2} {24} {Z3} {25} {21} {D}; (see diagram 1 of the
figure 2.2);

2) {27,26},{24.25},{27.24 1,24, 25},{27.2,}.{Z7. 2,},{Z7, D},
{26724}1{26’%2}1{26721} {Zen } {25,24},{25,23} {25122}
{Zsle}’{ZSvD}l {24122} {Z4vzl} {24’ } {23721} {Z3, }:

{ZZ, D},{Zl, D},(see diagram 2 of the figure 2.2);

3) {2:.26.2,}.{27.26.2,}.{2+. Zs, zl},{z7,zs,D},{27,25,24},{27,25,23},
{Z7 ZS 2} {27 ZS Zl} {27 ZS } {27 Z4 2}’{27124'21}'{27124'D}'
{27 Z3, Zl} {27 Z3, D},{Z7,22 D} {27 Z;, },{26,24,22},{26,24,21},
{Ze Zys D} {Ze Zys 5},{26,21 } {Zs. 24, 2},{25,24,21},{25,24,5},
{Z5.23.2:}.{Z5,23.D},{Z5.2,,D},{Z5,2,,0}.{24.2,,D},{Z,,2,, D},
{25.2,,D};

(see diagram 3 of the figure 2.2);

4) {27.26,24,2,}4{27,26.24.21},{27.26. 2,
(27,25,24,2,},{27,25,24,2,},{27,25,2,,
{27.25,2,,0},{Z,.25,2,,0}.{Z;,2,,2,,D},
{26,24.2,,D},{Z,2,,2,,0},{Z5.2,.,2,,D},
(see diagram 4 of the figure 2.2);

5) {21.26,24,2,,0},{Z7,25,24,2,,0},{Z7,25,24,2,,D}.{Z;,Z5,2,,2,, B},
{27,25,23,2,,0},

1{27.26,2,,D},{Z;,25,2,, B},
} {27,25.23,2,}.{27,25,25, D},
{27,2,,2,,5}.{2;,25,2,,D},
{5.24,2,,D}.{Z5,25,2,,D};

D
D

(see diagram 5 of the figure 2.2);
7) {27,26,22,21,|?},{27,25,24,23,%1,},{27,25,23,22:D},{z7,zs,zz,zl,f>},
{27,24.2,,2,,0},{24,24,2,,2,,D}{Z5,2,,2,,2,,D};
(see diagram 7 of the figure 2.2);

8) {2,.25.24.2,,2,,0}.{Z7,25,24,2,,2,,D};
(see diagram 8 of the figure 2.2);
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9) {Z7, Zs, 24,25, 74, 5}, (see diagram 9 of the figure 2.2);

10) {27,zG,zs,24@2},{27,26,25,24121},{27,26,25,24:D},
{27,24,24,2,,0},{Z7.24,25,2,,D},{Z5.2,,25,2;,D};
(see diagram 10 of the figure 2.2);

11) {24,24,25,24,2,,0},{Z7,25,25,24,2,, B};
(see diagram 11 of the figure2.2);

12) {27’26’25'24123'?1}’{271261231221211D}’{Z7'Z4’Z3122121'D}1
{25,24.23,2,,2,,D};
(see diagram 12 of the figure 2.2);

13) {Z;,25,24,23,2,,2,,D}; (see diagram 13 of the figure 2.2);

14) {Z7 LgiLs, Ly, 23, Ly, Ij}, (see diagram 14 of the figure 2.2);
15) {27,26, Zs,2,,2,,24, } (see diagram 15 of the figure 2.2);

16 {27,26,25,24, Z5,2,5,24, } (see diagram 16 of the flgure 2.2);

_T'ur" T"uT"
.. D zZ
7 ®T T ...T ! T'uT"
' o T ' T Zs 7\ 7e
I T T Zs
rrT r Z, r
7 3 4 9 10

— e

14

Fig 2.2
3. Idempotent Elements of the Semigroups By (D) defined by

Semilattices of the Class X5 (X ,8) when Z; # In the paper Complete
semigroup binary relation defined by semilattices of the class %, (X,8),

we give a full description of idempotent elements of given semigroup.
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For the case where X is a finite set and Z, # . we derive formulas by
calculating the numbers of idempotent elements of the respective
semigroup.

We denote the following semitattices Q, 1= (1,2, ...... 16) as

follows:
1) Q= {T} ,where TeD (see diagram 1 of the Fig. 2.2)

2) Q,={T,T'}, where T,T"eD, T cT’; (see diagram 2 of the Fig. 2.2)
3) Q :{T,T',T"}, where T,T'T"eD, TcT'cT"; (see diagram 3 of the Fig. 2.2)
4) Q, Z{T,T',T”,TM}, where T, T'\T" T"eD, TcT' cT"cT",

(see diagram 4 of the Fig. 2.2)

5) Q ={Z,,T,7',T",D}, where Z,T,T'T",DeD, Z,cT cT'cT"cD,
(see diagram 5 of the Fig. 2.2)

6) Q={T.T.T"T'UT"}, where T,T'T"eD, T<T', T <T", T\T"20
T"\T'#O, (see diagram 6 of the Fig. 2.2)

7) Q ={T,T',T",T"',T”UT'”}, where, TcT' cT", TcT ' cT", T"\T"2J
T"\T"#Q (see diagram 7 of the Fig. 2.2)

8) Q :{27,T,Z4,ZZ,Zl, Ij}, where T 6{26,25} (see diagram 8 of the Fig. 2.2)
9) Q= {Z7,ZS,ZA,23,Zl, 5}, (see diagram 9 of the Fig. 2.2)

10) Qo ={T. T T"T'UT"T"}, where TcT', T<T", T'\T"# D,
T\T'#0, T"UT"<T" (see diagram 10 of the Fig. 2.2)

11) Q :{27,26,25,24,T,D},Where T E{Zz,Zl}, (see diagram 11 of the Fig. 2.2)
12) Q, ={T.T T T'UT"T"T'UT"UT"}, where, T <T', T<T",
T\T"2Q0, T"\T' =@, T"cT", (T'VT'\T"20, T"\(T'UT")2 2,
(see diagram 12 of the Fig. 2.2)

13) Q; = {Z7,ZS,Z4,Z3,ZZ,Zl, 5}, (see diagram 13 of the Fig. 2.2)
Theorem 3.1. Let DeX,(X,8), Z,#J and a B, (D) . Binary
relation « is an idempotent relation of the semigroup B, (D) iff binary

relation « satisfies only one conditions of the following conditions:
1) a=XxT,where TeD;
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2) a =<YT"‘ xT)u(YTO,‘ ><T') ,where T,T'eD, T<T'", V,".Y, ¢ {@} ,and
satisfies the conditions: Y;* T, V" NT'#J;

3) a=(YxT)u(YxT)u(YixT"), where T,T'T"eD, TcT'cT,
LA A A e{@}, and satisfies the conditions: Y;" T, YUY  2T',
YoNT' #0, YSNT" 20,

4) o =(YxT )oY xT )oY xT")O(¥2 xT"), where T,7',T"T" €D,
TcT' cT'cT”, YO XS Y0, Y ¢{D}, and satisfies the conditions:
YO ST, Y UYS T, Yo OYEUYE ST, Yo AT 2D, YA AT 2D,
Yo NT" =D ;

5) a:(Y7”xZ7)U(YT“ xT)u(Yﬁ xT')u(YT‘f xT”)u(Yo”xlj), where Z,cTcT'cT'cD,
YO Y XE YR Yy ¢{D), and satisfies the conditions: Y/ 2Z,,
YUY oT, YUY uY i oT', YUY uY T uYs oT", YPnT #J,
YINT 2D, YinT"#D, Y ND=J;

6) a=(YxT)u(YxT)u(YixT")u(Vp x(T'UT")), where T,T'T"€D,
TcT ., T<T”, T'\T"20, T"\T'#9, Y/ Y., Y. é{@} and satisfies
the conditions: Y UY% T, YUY T, YT 2@, YT 2D ;
7) a=(YT )oY xT )BT o (Ve xT" oY . x(T"UT")), where, T<T'cT",
TcT T, T\T" =@, T"\T" =@ Y/ Y/ Y Y. ¢{} and satisfies the
conditions: Y/ 2T YUY oT', YUY, UY: oT", YUY UY. oT"
Yo NT' #D, YSNT" 20, Y2 nT" 2D

8)  a=(YxZ, (Y xT)u(V xZ, ) (¥ xZ, Ju (¥ xZ, ) (¥ xD),  where
Te{Z,Z}, Y X0 XYY ¢{D) and satisfies the conditions: Y,* 2 Z;,
YUY T, YUY oY oz, YUY uY, Y, oZ,, YuYuY/ uY oz,
YYNT#D8, YN, 28 V)N, 20, Y N, #D

9) a=(¥; xZ, )oYy xZ; )u(¥ xZ, )oYy xZ,Ju(¥xZ, ) (Y xD) ,where

YY) e{@} and satisfies the conditions: Y, ©Z,, Y, VY, 0 Z,,
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YUY UY) 2z, YUY UY 0, YN 2D, Yy N L, 2D, YN, 2D,
Y, N D=J;

10) & =(Y xT)O(Yr T )oY x T O x(T'UT"))U(¥y: xT") ,where
TcT T<T”, T\T"20, T"\T'#0, TuUT " <T”
Y Y e {@} and satisfies the conditions: YUY’ 2T,
YO T, Yy nT' 20, Y nT" 2D, YonT"=#J;

1) a=(¥xZ, ) (¥ xZ, )oY xZ )oY xZ, )oY xT) (¥ xD),  where
T E{Zz,Zl}, V7YYV Y ¢{@) and satisfies the conditions:, Y, UY," 2Z;,
YUY 2Z,, YUY OUYSOUYSOUYS oT, YYnZy#D, Y/ nZ#0
YenT 20, Y ND#@;

12) =T )% XT )oY xT )W x(TUT) OV XT" )UKo X(T'UT"UTT)),
where TcT', TcT", T'\T'z2z0, T'\T'2d, T'cT",
(T'OT"N\T" 2@, T"\(T'UT") =D, Y Y Y0 Ve Y - (@) and satisfies the
conditions:, YUYy oT', YUY oT" YUY S UYL oT", Y nT #d,
YonT" 28 YL nT"#Q;

13)  a=(¥7xZ, )oY xZ )oYy xZ, )oYy xZ )oYy xZ, )oYV xZ, )oYy xD),  where
Z.cZ,, Z.cZ, Z\1,#2D, Z\2,#D, Z,<Z,, I\1,#D,
ZNZ#D, VXSO YE Y, ¢{@) and  satisfies the conditions:
YEoZ,,  YAUYEDZ,  YAUYSUYEoZ, o YAUYSUYSoZ,,
Y OYS YUY 22, YN 2D, Yy N2, =D, Y N, 20 YN, #D;
14) a=(¥;xZ,)u(Yy xZg) (Y xZ, )oYy 2, ) (Y xZ, Ju (Y xZ, ) Yy xD),
where, Z;<=Z,, Y/ Y7 XYY YY) €{@) and satisfies the conditions:
YUY 2Z, YUY 2Zy, YYUUY) DL, YO NZ, 2D, Yy NZs =D,
Y nZ,#@ Yy nD=d;

15) a=(YxZ, )oYy xZq )oY xZ (Y, )2, ) (¥y 2, )oY xZ,Ju(¥y'xD), where
YOSV YSY Y ¢{@)  and  satisfies the conditions: YUY, 27,
YUY DZ,, YUY uYSuY,SOY, o7, YUY uYSOYuY oz,

Yo NZg 2D, XL =D, Y NL, 8, YN #D;

52



16) or=(V;' xZ, (¥ xZ, )oY xZ4 )0 (Y XZ, (¥ xZy oYy 2, )oY xZ, U ¥y xD),
where, Y'Y VYY) e {@} and satisfies the conditions: Y;" 27,
YUY 2Z, YSUYS DZ, YSUYSUY)2Z, YSUYSUuYSuYSuY, oz,
YoNZe2 D, Yo Ny 2D, Yy NL,#D,Y, N2, #L;

Lemma 3.1. Let DeX,(X,8) and Z, #J. If X is a finite set, then the
number || (Q )| my be calculated by the formula || (Q )| =

Lemma 3.2. Let DeX,(X,8) and Z, #J. If X is a finite set, then the
number |I (Q, )| my be calculated by the formula

1 (Qz )| _ 2\5\27\ 1 -Z‘X\B‘ " Z\D\zs\ 1 .Z‘X\D‘ n 2\5\25\ 1 .Z‘X\Iﬁ‘ i

[p\z,| . [x\D| [O\zy| ) [x\D| [D\z,] . [x\p|
2 1).277+|2 1)-277+|2 1)-2" 7+

D\Z \D
2‘ 1‘_1 _2"‘ ‘_1_ 2\l 1), oKZ| | (olzs\z] 1), oKz

2\24\z7\_1 ~2‘X\Z“‘ +(2\z3\z7\_1)'2\x\z3\+ 2\22\27\_1>‘2\X\ZZ\+
2\21\27\ -1 .z\x\zl\ + 2\24\25\ -1 .2\)(\24\_‘_ 2\22\25\ -1 .2\)(\22\ +

o2zl 1\, oXzl | (olzazs| g\, Xzl | (92l _ 1) oxze|

2\22\25\_1 -Z‘X\ZZ‘+(2‘21\ZS‘—1 .2)(\21_’_5222\24_1 .Z‘X\Zz‘_’_
" 2\zl\z4\ 1 -Z‘X\Zl‘ +(2\zl\za\_1)'2\x\zl\

Lemma 3.3. Let DeX,(X,8) and Z, #J. If X is a finite set, then the

+ + + + + +

number |I* (Q,) | my be calculated by the formula

( o2\Z1| _ ) (3\[')\21\ —Z‘D\Zl‘)-3‘X\D‘ \z \z,| (3\0\22\ _Z\D\zz\ )

. ‘X\D‘ 1 (2%\%l _ 3‘5\23‘_2‘5\23‘ . ‘X\D‘ olZa\zl _q). 3"3\24‘_ P\za |

34 (2 ) 30 g0 ). 300 (gl _q). (3P g0 .
.3‘X\D‘ (2\25\27 _1> 3\24\26\_2\24\25\ S\X\24\+ 2\26\27\ 1; 3\2 2\Zg| 2\22\25\

. \X\z2 2\25\27\ ~1). 3\21\25\_2\21\26\ 3\)(\21\ \25\27\ -1
_3\x\24\+ 2\25\27 _

3‘24\25‘ ‘ZA\ZS‘

) 3‘23\25‘_2‘23@5‘ 3‘X\Za‘+ 2‘25\27‘ 3‘22\25 Z‘Zz\zs‘)
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_B\X\zz\_l_ 2\25\27 _ ) 3\21\25\ 2\z1\25\) S\X\zl\+(2\24\z7\ ).(3\22\24\_2\22\24\ .

i \x\zz\+ 2\@\27\ \21\24\ 2\21\24\ .3\x\zl\+(2\za\z7\ _1)'(3\21\23\_2\21\23\ )
. ‘X\Zl‘+ 2‘24\26‘ ~1)- ‘22\24‘ 2‘22\24‘ _3"“22‘_{_ 2‘24\25‘ -1 _g321\24_221\24)_
.g¥z| +(2\z4\zew 1 Pzl _, \D\ZA\).g\X\ﬁ\ +(2\zz\zsw _1)_ 30zl _ o0zl

¥l (zwzl\za _ ) 304l _o0\z[) gx\o| +(2\z4\z5\ _1)_(3\zz\z4\ AL )
.3X\Z| +(2\24\25\ _1)'(3\21\24\ _olz\zy )'3\x\z1\ _'_(2\24\25\ _1)‘ 3\5\24\ B 2\5\24\ '
_3\X\D\ +(2\zg\zs\ _1 .(3\21\23\ _2\21\23\)_3\X\zl\ +(2\zg\zs\ _1)‘ 3\5\23\ _2\[‘)\23\ .
.3"(\'5‘ +(2\Zz\zs\ _1). 3"3‘22‘ _ 2‘5\22‘ .3"(\'5‘ +(2\21\Zs\ _1). 3‘5\21\ _ 2"5\21‘ )
_3‘)(\5‘ +(2‘ZZ\ZA‘ _1) 3"5\2?‘ _ 2"5\22‘ ,B‘X\D‘ +(2‘Zl\24‘ _1) 3‘5\21‘ _ Z‘D\Zi‘ .
g0l +(2\zl\za\ _1). 90z _ 2\5\21\).3\’(‘5\
Lemma 3.4. Let DeX,(X,8) and Z, #J. If X is a finite set, then the
number || "(Q )| my be calculated by the formula
‘l * (Q4 )‘ _ (2\25\27\ _1) . (3\2,,\26\ _ 2\24\25\ ).(4\[')\24 B 3\[')\24\)'4@\[3\ + (2\26\27\ _1).(3\22\26\ _ z\zz\za\)‘
4Pzl _gPzl) 4ol +(2\z5\z7\ _1),(3\z1\zs\ _2\z1\z5\),(4\0\21\ _ gzl 40l +(2\zs\z7\ _1).
‘(3\24\25\_2\14\15\). 4\5\24\_3“5\24\ A4‘X\D‘+(2\ZE\Z7\_1).(3\23\25\_2\23\25\). 4\0\23\_3\[5\23\).4@\0\
(2‘25\27‘ _1),(3‘22\25‘ _Z‘Zz\zs‘), 4‘5\22‘ _3‘0\22‘ ,4‘X\D‘ +(2‘Zs\z7‘ _1)_(3‘21\25‘ _2‘21\25‘),
(4\%\ 0} g () (g (493 P4 (R )
(3\21\24\_2\;\4\ ) 4D\Zl_3D\21?.4X\D+ ozl _q). (38l _ g2z, 4\5\21\_3\5\21\).4@\0\_'_
+(2\zs\z7\ 1) S\ZA\ZS\ 2\24\25\) 7,\Z,) 3\12\24\).4\)(\21\ n 2\25\2,\ 1 ‘@z,,\zs\ _2\24\25\ )
4‘21\24‘ 3‘21\24 4\X\Z1\+(2\25\Z7\ 1) (3‘23\25‘_2‘23\25‘),(4‘21\23‘_3‘21\23 ),4‘)(\21‘_‘_ 2‘25\27‘_1 .
3\24\25\ 2\14\26\ \zz\z,,\ S‘ZZ\ZA‘)X4‘X\ZZ‘+(2‘ZS\Z7‘_1)‘(3‘24\25‘_Z‘ZA\ZG‘).(4‘21\ZA‘_3‘21\24‘)‘4‘)(\21‘
+(2\Z4\Ze\ 1) 3\Zz\24\ olz2\z| ) 4‘5‘22‘ _3‘5‘22‘),4"“0‘ +(2\24\Zs\ _1),(3\21\24\ _2\11\24\),(4‘5\21‘ _3"5\21‘).
.4\)(\0\ (2\24\25\ _1).(3\22\@\ _2\22\24\)X 4\6\22\ _S\D\zz\)_4\x\6\ +(2\z4\zs\ _1)_(3\21\24\ _2\21\24\).
.(4\0\21\ _3\0\21\)'4\x\0\ +(2\23\25\ _1)_(3\21\23\ _2\z1\z3\)‘(4\b\zl\ _3\0\21\)'4\x\o\
Lemma 3.5. Let DeX,(X,8) and Z, #J. If X is a finite set, then the

number |I (& )| my be calculated by the formula
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,*(Q5)|:(2\za\z7\_ ).(3\zuza\_sznza\).(4\zz\24\_3\zz\z4\). g0\ _ 4P\z]\ g0l
+(2\ze\z7 _ ) (3\24\4 Z\za\zs) (4\zl\z4\ 3\4\24\). 5'5\21_45\11?.5“%
e [

+(2\zs\z7 _ ) ( ) (4\z1\z4 3\z1\z4\). gzl _ 40z ghof |
+(2\zs\z7 _ ).(3\zz\zs _szz\zs\) <4\z1\z3\ 3\21\23) 504l _ 40vz|| gxol
Lemma 3.6. Let DeX,(X,8) and Z, #J. If X is a finite set, then the

number || "(Q )| my be calculated by the formula

* (QS )‘ — 2‘25\26‘ -1} Z‘Zs\zs‘ _1%_4’“24 +EZZS\ZG _1;,%226\23 _1;,4’“21 +

J72\2l _qz\zil 5\5\22\_4\5\22 .S‘X\D‘_i_

+

3\24\25 2\24\25

n 2\23\24\_1 ) 2\24\23\_1 .4\x\zl\+ 2\23\22\_1 ) z\zz\za\_l ‘4\x\D\+

19zl _q).(9\2l _q ,4‘X\5‘+ ozl _q). (ol _q ,4‘X\D‘+

n 2\23\24\_1 ) 2\24\23\_1).4\x\zl\+ 2\23\22\_1 ) 2\zz\z3\_1 .4‘X\D‘+

+ 2‘22\21‘ 1) 2‘21\22‘ _1),4‘)(\5‘ +(2‘Za\zz‘ _1),(2‘22\23‘ _1).4‘)(\5‘
Lemma 3.7. Let DeX,(X,8) and Z, #J. If X is a finite set, then the
number |I (& )| my be calculated by the formula

1 (Q7 )| — (2\26\27\ _1) . 2‘(21“22)\25‘ ,(3\21\22\ _9lZ\z,| ) . (3\22\21\ _olZ\z]), 5‘)(\5‘

+ 2‘25\27‘ -1 ,2‘(23024)\25‘ . 3‘23\24‘ _223\24;, 3‘24\23‘ _Z‘ZA\ZS‘ ,S‘X\Zl‘

+ 2‘25\27‘ -1 ,2‘(23”22)\25‘ . 3‘23\22‘ _Z‘Zs\zz‘ . 3‘22\23‘ _Z‘Zz\zs‘ .5‘)(\5‘

(275l _q). plmrz)z| (2] 2zl (g2l _olz:\al) gX\Dl

(2022)\24] (g2l _ p2\2Z2] | (922l _ pl22\2i] ) g¥\D)]

+(2% 1) 2
+(2%%0-1)-2

(277l _q). 9@z g2zl _ g2zl | (522l _glza\zil ) gl¥\D)

(2,1Z,)\Z,] . 3‘21\22‘ _ 2‘21\22‘ . 3‘22\21‘ _ Z‘Zz\zl‘ ,S‘X\D‘

Lemma 3.8. et DeX,(X,8) and Z, #J . If X is a finite set, then the
number || (Q )| my be calculated by the formula
It (Qs )| _ (2\25\27\ _1) . (3\24\z6\ fz‘ZA\ZG‘ ) . 3\(zlnzz)\24\ .(4\zl\zz\ _ 3\zl\zz\ )

'ﬁ422\21 _3\z2\z1\)_6\x\o\+(2\z5\z7\_1 ) 3\24\25\_2\2?\25\).

.3(Zlm22)\24‘ '(4\z1\z2\ _ 3\z1\22\ ) i (4\22\z1\ _ 3\z2\zl\ ) ) G\X\D\
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Lemma 3.9. Let DeX,(X,8) and Z, #. If X is a finite set, then the

number |I (Q )| my be calculated by the formula

"(Qy )‘ = (2‘25\27‘ - 1) NEz)z] (3\23\24\ _ gy ) ‘
. (3\24\23\ _ iz ) , (G\D\zl\ - S\D\zl\) . G\X\D\;

Lemma 3.10. Let DeX,(X,8) and Z, # . If X is a finite set, then the

number | 1" (Qy )| my be calculated by the formula

E (Qm )| _ (2\26\25\ _ ),(2\25\25\ _1).(5\6\@\ _4\6\2A\).5\xm\ .

+(2\Ze\zs\ ) (2\23\26\ 5‘5\21‘ _4"3\21‘ _5‘X\D‘ +
+(2\24\z3\ (2\23\24\ 5\[’)\21\ _4\5\21\ .S‘X\D‘ +
[ 27%s] _q1). (9728l _1). (5%l _ g2\Zil) g0zl
+g2z YA Ezzg\z6 _1). (5%l _ g2z gkl
+(2\z N ) (2\23\24\ ) S\D\zl\ 4\0\21\) S‘X\D‘

Lemma 3.11. Let DeX,(X,8) and Z, # . If X is a finite set, then the

number | 1" (Qy )| my be calculated by the formula

1* (Q11)| — (2‘26\25‘ _l) . (2‘25\26‘ _1) . (5‘22\24‘ _ ‘Zz\za‘) ‘D\ZZ‘ ‘D\Z?‘ . G‘X\D‘
+(2\ze\zs\ _1)_(2\25\25\ _1)_(5\zl\zA\ 422 ) \D\zl\ \5\21\).6\xu5\

Lemma 3.12. Let DeX,(X,8) and Z, # . If X is a finite set, then the

number | 1" (Qy )| my be calculated by the formula

|* (le )| _ (2\26\23\ _1).(2\25\25\ _1)_(3\23\24\ _ 2\23\24\)_6\X\zl\ i

+ 2‘23\22‘ -1)- 2‘26\23‘ _
4 2\23\22\ _1). 2\24\23\ _1). 3\22\21\ _2\22\21\ _G\X\lj\ n

. 3\22\21\ _2\22\21\ _G\X\D\ +

[EEY

1 (9%\2l _q1).(9Z\%l _q). 3%\%l _ olz\z| ,6‘“5‘
Lemma 3.13. Let DeX,(X,8) and Z, #J. If X is a finite set, then the
number | 1" (Qs )| my be calculated by the formula

|* (Q13 )| _ (2\25\27\ _1)'2‘(23n22)\25‘ ‘(3‘23\24‘ oy,
.(3\24\22\ _Z\ZA\Zz\ ).(4\22\21\ _3\22\21\).7\><\D\;
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Lemma 3.14. Let DeX,(X,8) and Z, #J.If X is a finite set, then the
number | 1" (Qy )| my be calculated by the formula

B (Q14 )| _ (2\25\24\ _1).(2\26\25\ _1)_(3\24\23\ _2\24\23\).(7\0\21\ _6\[')\21\)'7\><\D\;

Lemma 3.15. Let D e%,(X,8) and Z, # Q. If X isa finite set, then the

number | 1" (Q )| my be calculated by the formula

I (le )| _ (2\25\26\ _1) ) (z\ze\ls\ 1 .4‘(21“2)\24‘ .
.(5\zz\z1\ A ) (5\21\22\ A )_7\x\5‘;

Lemma 3.16. Let DeX,(X,8) and Z, #J.If X is a finite set, then the
number | 1" (Qp )| my be calculated by the formula

" (Qm)‘ _ (2\26\23\ _1).2\(23@2)\24\ .(2\z5\za\ _1).(3\23\22\ _2\z3\z2\).(5\zz\zl\ _4\22\21\ )‘B‘X\D‘
Theorem 3.2. Let DeX,(X,8) and Z, #J.If X is a finite set, then the
1(Q)

4. Idempotent Elements of the Semigroups B, (D) definedby Semilattices

number | | (D)| my be calculated by the formula || (D)| = i

of the Class 2, (X,8) , when Z; = In the paper Complete semigroup
binary relation defined by semilattices of the class X,(X,8), we give a

full description of idempotent elements of given semigroup. For the case
where X is a finite set and Z, =& . we derive formulas by calculating

the numbers of idempotent elements of the respective semigroup.
Lemma 4.1. Let DeX,(X,8) and Z,=C.If X is a finite set, then the

number | I"(Q )| my be calculated by the formula || (Q )| =1.
Lemma 4.2. Let DeX,(X,8) and Z, =9 . If X is a finite set, then the
number || "(Q, )| my be calculated by the formula

I* (Qz )| _ (2\'5\ _1) ) Q\X‘D\ i (Z\Ze\ _1) Xz (2\25\ _1) Loz

+(2\2A\ _1).2\X\24\ +<2\Zs\ _1).2\’(\23\ _,_(2\22\ _1).2\’(\22\ +(2\Z1\ _1).2\X\21\
Lemma 4.3. Let DeX,(X,8) and Z, =9 . If X is a finite set, then the
number | 1" (Q, )| my be calculated by the formula
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| 2\2\ 1 (3\5"2\ z\D\Z\) K0l 2\1\ 1 (3\'3\2\ olP\Z| ) Xl
(2 (32 z\z\ 1) (3502 5
+(2\zw )(3\0\2\ o0z ) Xl zwzw 1 (3\D\Z\ ol0\z ) Xl
+(2\Z\ ) (3\2 2| _ ol2a\Zs \) gl (2\2\ ) (3\2 Azl _ ol \Z\) gzl
+(2\Z\ 1) (3\2 12| _ olt\Ze \) 3\X\Z\+(2\Z\ 1) (3\2 \25\_2\24\25\).3\X\Z4\+
n (2\1 sl 1) (3\1 0z _ 2\13\25\).3\)‘\23\ i (Z\Zs\ 1) (3\1 2\Zs| 2\12\25\).3\’(\22\ n
+(2\Z\ 1) (3\2 1\Z4| _2\21\25\).3\X\Zl\+(2\Z4\ 1) (3\2 2\Z,| _2\22\24\).3\X\Zz\+
(2\2\ 1) (3\2 124 _2\21\24\).3\’(\21\ +(2\Zs\ 1) (3\2 \Za\_z\zl\za\).g\X\zl\

Lemma 4.4. Let DeX,(X,8) and Z, = .If X is a finite set, then the

number [1°(Q, )| my be calculated by the formula

||*(Q4)|=(2\zs\_1)_(3@\4\_Zwmzaw).(M_3\5\2A\).4\X\D‘\+(2\za\_1).(3\22\25\_2\4\4\).
(4\D\zz\ 3\D\zz\) A0, (2‘” )(gzm Z\Z\zw) (4\6\21\_3\0\21\).4\X\D'\+(2\z5\_1).
(3\zm Z\Z\zw)(4\D\z 3\0\2)4\X\D\ (zwzw 1) (3\zm Z\Z\Z\)(4\D\Z\_3\D‘\za\)
A0, (zwz\ ) 3\z A _ ol \zw (4\D\z 3\D\Z) 401, zwzw 3\z\z\ Z\Z\zw)
(4\0\2\ 3\D\z\) 470l (zwzw )(3\z2\zw Z\Zz\z\) (4\0\22\ ?jo\zz\) 4\X\D\ (Zwm_l),
.(3\z1\z4\_2\z1\zw)(\D\z\ \D\z\) P (2\23\ 1) (3\Z\z3\ Z\z\za\)(\w\ 3\0‘\4\).4\X\D\ ;
+(2\z5\ _1).(3\24\25\ _2\24\25\).(4\Zz\24\ _3\zz\za\), 4K +(2\zsw i 1).(3\z4\z5\ _zwza\zs\).(4w _3\z1\24\).
44 +(2\zs\ i 1),(3@4\ _zwza\zsw).(4\znza\ ) 3\z1\za\).4\><\zlw +(2\zs\ ) 1).(3\24\26\ ) Z\ZA\ZG\).
.(4\22\@\ .34 ) ANl (zwze\ _1) _ (3\z4\zs\ A ) , (4\@\24\ A ) i

Lemma 4.5. Let DeX,(X,8) and Z, =@ . If X is a finite set, then the

number |I (& )| my be calculated by the formula
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,*(Q5)|_(2\ze\_ ).(3\z4\ze\_zwznze\),(4\zz\24\_3\zz\z4\). 50zl _ 40zl gxil
+<2\zs\ ) (S\ZA\ZS\ Z\ZA\ZS\) 422 _ 3\z1\zaw) 55l _ 45\21?.5“0“ +
+(2\zs _ ) (3\1.\25 _ \znzs) gXl
2 g (3 )

+<2\zsw_1).(3\za\zs\_zwzsxzsw),( iz _gnia). gzl _ 4pzf| gl

Lemma 4.6. Let DeX,(X,8) and Z, =9 . If X is a finite set, then the

(4\22\24\ \z \Z,] ). \D\zz\ APz,

422 \zl\z[,) S\D\z1\ \lj\zl\ .S‘X\D‘_i_

number |I (S )| my be calculated by the formula

* (QG )| — (2‘25\26‘ _1) 2‘26\25‘ _1),4‘)(\24‘ + 2‘23\26‘ 1) 2‘26\23‘ -1 ,4‘X\Zl‘ +
+(92'4l _q). (92 _1).4\x\zl\ (982l _q). (9%l _q _4\x\[’>\ .
+(2‘z1\zz‘ _1),(2‘22\21‘ _1),4‘)(\0‘

Lemma 4.7. Let DeX,(X,8) and Z, =9 . If X is a finite set, then the

number || (& )| my be calculated by the formula
| (Q7 )| _ (2\26\ _1) ) 2\(zlmzz)\zﬁ\ .(3\21\22\ _ 2\21\22\ '(3\22\21\ _ 2\22\21\ .S‘X\D‘ 4
4 2\25\ 1 .2\(2@24)\25\ . 3\23\2A\ _ 2\23\2A\ 'ESZ‘,\ZQ _ 2\24\23\ '5\X\Zl\ i

X\D
+ 2\25\ _ 3\22\23\ _ 2\22\23\ . 5‘ ‘ +
+ 2‘Z5‘ -1)- 2‘(21”22)\25‘ . 3‘21\22‘ _ 2‘21\22‘

1 .2\(zgm22)\25\. 3\z3\z2\ _2\23\z2\ .

+ 2‘24‘ -1)- 2‘(21“22)\24‘ . 3‘21\22‘ _ 2\21\22\ . 3\22\21\ _ 2\22\21\ ,S‘X\D‘

_%322\21 _ 2\22\21\ %_SX\D n

Lemma 4.8. Let DeX,(X,8) and Z, =9 .If X is a finite set, then the
number | 1" (Q )| my be calculated by the formula
| (Q8 )| (2‘26\27‘ 1) (3‘24\25‘ 2‘24\26‘) 3‘ 20Z,)\2y| . (4‘21\22‘ _3‘21\22‘).
4‘2 2\2)| 3‘2 2\2y| G‘X\D‘ (2‘25\27 ),(3‘24\25‘ _2‘24\25‘),3‘ 2,02,)\Z,] .
(422l _ 3\21\22\ .(4\z2\zl\ _ 3\z2\zl\ ) ) G\X\B\

Lemma 4.9. Let DeX,(X,8) and Z, =9 . If X is a finite set, then the

number |I (Q )| my be calculated by the formula

| (Qg)‘ _ (2\25\ _ 1) Enz)z (3\z3\24\ B 2\23\24\) _
.(3\24\23\ _ 9y ) . (6\5\4\ g ) ~6‘X\D‘;
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Lemma 4.10. Let DeX,(X,8) and Z, = . If X is a finite set, then the

number |I* (Qu )| my be calculated by the formula
1 (Q)| = (2% -1)- (2% —1)-(5‘["‘2“‘ —4"5‘24‘)-5‘“5‘ ;
(2\25\23\ ).(z\za\za\ _1). gP\al _ 40val) gxol
(2\24\23 _ ).(2\23\24\_1). 5P\al _ 40val) gxol
EZZ 0z g\ (oez 1;_ g2 _ gz gxizl |
)

Z,
2‘ \Z] -1)- 2‘2 \Z] 1) 5‘21\24‘_4‘21\24‘ ,5‘)(\21‘_'_

(2\2 7y 1)_(2\23\24\ _1). 5\5\21\ _4\5\21\).5»(\[’)\

Lemma 4.11. Let DeX,(X,8) and Z, = . If X is a finite set, then
the number || "(Qu )| my be calculated by the formula

I*(Qll)|:(2\zs\zs\_1),(2\25\25\_1) (5\22\24\ 4\22\24) \D\zz\ \D\ZZ\ ~6‘X\5‘
+(2\za\zs\ _1),(2\25\26\ _1)'(5\21\24\ _4\21\24\)' g0l _ gz )'G‘X\D‘

Lemma 4.12. Let DeX,(X,8) and Z, = . If X is a finite set, then the

number |I* (Q) | my be calculated by the formula
(Q1 )| ( \zs\zs\ ) (Z\ZS\ZS\ _1).(3\23\24\ _2\23\ZA\).6\X\21\ n
2‘23\22‘ _1). 2‘26\23‘ ~1)- 3‘22\21‘ _2‘22\21‘ _6‘X\D‘ +
+ 2‘23\22‘_1 . 2‘24\23‘ ~1)- ,6‘“'5‘
Lemma 4.13. Let DeX,(X,8) and Z, = . If X is a finite set, then the
number |I* (Q)

3‘22\21‘ _ 2‘22\21‘

(Q )| ( 2\l _ ) 2‘(23“22)\25\ .(3\23\24\ _2\23\2‘,\)_
_(3\24\22\ _ 2\24\22\ )_(4\22\21\ _3\22\21\ ) ) 7\><\D\;

Lemma 4.14. Let DeX,(X,8) and Z, = . If X is a finite set, then the

number ||* Qy | my be calculated by the formula

(Q14 )| ( ol2s\Z4| _ ) (2\26\25\ _1).(3\24\23\ _2\24\23\)_(7\0\21\ _G\D\zl\).7\x\f)\;
Lemma 4.15. Let DeX,(X,8) and Z, = . If X is a finite set, then the

number || "(Qs )| my be calculated by the formula

60



I* (Q15)| _ (2\25\25\ _1).(2\26\25\ 1 .4‘(21022)\24‘ )
.(5\zz\zl\ _ g% ) . (5\21\22\ _4n\7l ) ) 7\X\D\;
Lemma 4.16. Let DeX,(X,8) and Z, = . If X is a finite set, then the
number |I " (Qp )| my be calculated by the formula
|* (Qle )| _ (2\26\23\ _1).2\(23“12)\24‘ ,(2\25\26\ -1).
_(3\23\22\ _2\za\zz\).(5\zz\zl\ _4\z2\z1\).8\><\t>\
Theorem 4.2. Let DeX,(X,8) and Z, = . If X is a finite set, then the
16
number || (D)| my be calculated by the formula || (D)| = z 1" (Q )|
i1
5. Maximal Subgroups of the Semigroup B, (D) Defined by

Semilatticesof The Class 23(X,8)In the given paper we give a full

description maximal subgroups of the Complete semigroups of binary
elations defined by semilattices of the class Z,(X,8).

Lemma 5.1. The number of automorphisms of those semilattices, which
are defined by the diagrams 1), 2), 3), 4), 5), 12), 13), 14) and 16) in fig. 3.4
is equal to 1, those semilattices which are defined diagrams 6), 7), 8), 9),
10) and 11) in fig. 3.4 is equal to 2 and that semilattice which is defined
by the diagram 15) in fig. 3.4 is equal to 4.

Theorem 5.1. For any idempotent binary relation ¢ of the semigroup

B, (D) the order a subgroup G, (D, &) of the semigroup B, (D) is one,

or two, or four.
6. Regular Elements of the Semigroup B, (D) defined by Semilattices of

the Class ¥, (X,8). In this section we investigate the regular elements of

the complete semigroups of binary relations defined by semilattices of
the class %, (X,8).

Theorem 6.1. Let D={Z,,2,2,2,2,2,2,D}e%,(X,8) and Z,#@.
Then a binary relation « of the semigroup B, (D) that has a quasinormal

representation of the form to be given below is a regular element of this
semigroup iff there exist a complete « —isomorphism ¢ of the semilattice

\Y (D,a) on some subsemilattice D' of the semilattice D that satisfies at

least one of the following conditions:
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1) a@=XxT,where TeD;

2) a=(YxT)U(YxT'), where T,T'eD, T<T', Y{,Y{ ¢{Q}, and
satisfies the conditions: Y;" © go(T) Yo ﬁ(p(T') +J;

3) =Y xT)U(Y xT")U(Y2 xT"), where T,T'T"eD, TcT'cT’,
YL Y0 Y e {@} , and satisfies the conditions: Y 2¢(T),
YUY 20(T'), Y ne(T) 2D, Y n(p) =D ;

4) a =Y xT ) (Y xT)O(YixT")U(Y xT"), where T,7',T",T" €D,
TcT T T, YA XS Y0 Y ¢{D}, and satisfies the conditions:
Y op(T), Y uYe op(T), YUY UY: op(T"), Y ne(T)=D,
Yo no(T 2D, Yo ne(T")=D;

5) ar= (% xZ, (% xT ) (VT )u (¥ xT") (1 xD), where Z, cTcT'cT"cD,
Y VYY) ¢{@), and satisfies the conditions: Y, 2Z;, Y/ UY 2¢(T),
YUY U p(T'), Yy UYS UV UYS 2(T"), Y mep(T) =D,
YEno(T) 2D, Yine(T") 2D, Yy, "D=#D;

6) a=(¥ xT) (¥ xT)u(YexT") (¥ x(T'UT")), where T,T.T"eD,
TcT, T<T", T\T" =0, T'"\T'20, VY,V ¢{0} and satisfies
the conditions: YUY 2p(T'), Y UYioe(T"), Yine(T)=2o,
Yo no(T") =D

7) a=(YXT )oY xT)o(YixT )oY xT 7)oV x(T"UT")), where, TcT'cTY,
TcT T, T\T"=Q, T"\T" =@ Y/ Y/ YV ¢{0] and satisfies the
conditions: Y/ 20(T), YUY} 20(T'), Y UYLV 20(T"), YUY Y 2p(T")
Y np(T)2D, Yne(T) 2D, Y ne(T") 2D .

8) a=(Y; xZ, Ju(Yy xT)u(Yy xZ,)u(¥; xZ, )u(¥ xZ, )u (Y, xD), where
T 6{26125}, Y e{@} and satisfies the conditions: Y, ©Z,,
YUY 20(T), YUY uYS 0z, YUY Uy Oy, 07, YUY uY Y o),

Y no(T)2D, Y/ N2,20 Y, N2, 2D, Y NZ, #D;
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9) & = (Y xZ; ) (Ye x Zg ) U (Vi x Z, )U(Ys xZy )oY xZ, )oY % D),
where Y, YY" Y, Y,"Yy ¢{D} and satisfies the conditions: Y," 2Z,,
YUY 2 Z, YUY VY 0Z, YUY Y D7, YN 2D, XN, =D,
YinZ, 2D, Yy ND=D;

10) & = (Y xT)U(Y < T )Y xT") O (Y x (T UT") o (Y xT7),
where TcT' T<T”, T'\T"20, T'\T'#0d, T'uT'cT”
YOV YE Y ¢{D)  and satisfies the conditions: YUY/ 29(T'),
YUY 20(T"), Y ne(T) 28, Y ne(T") 2D, Yo ne(T")2D;

11) @ =(Y xZ, J(Yg x Zg (Y x Zs ) (Y x Z, ) (Y xT)u(Yy x D),
where Te{Z,Z}, Y/ Y'Y Y'Y ¢{d] and satisfies the conditions:
YUY 2Z, YUY 2Zg YUY O U OY 20(T), Y nZ =@,
Y nZ,20 Y ne(T)2D, Yy nD=T;

12) o= (¥ XT )oY xT YOV xT )V x (T UT) O Y T ) O ¥ e x(T'UT'UT")
where TcT', TcT", T\T'xzgd, T'\T'#d, T'cT",
(TUTN\T" 2@, T\(T'UT") 2@, , Y& YS Ve Y Ve e ¢ () and satisfies
the conditions:, Y, UYf 29(T'), Yy UV 20(T") YUY UYE 29(T"),
Y no(T) 2D, Ying(T") 28 Y ne(T")=J;

13) a=(¥;xZ, ) UV xZo )oY % Z, ) U (Y5 xZ, )oYy X Z, U (Y, xZ, ) (Y x D),
where Z.cZ,, Z,cCZ,, Z,\Z,#Q, I,\Z,#0, Z,cZ,,
Z\Z,#@, Z,\Z,#D, , VYISOV ¢{d) and satisfies the
conditions: Y, ©Z,, YUY, 2Z, YUY UY 27, YUY UY 27,
YUY OYOY 27, W nL#D, Y N, =D, YN, #D YN 2D,
14) a=(Y7”xZ7)u(Y6"><Zﬁ)u(Y5”st)u(YA"xZA)u(Y;‘st)u(Yl"le)u(YO"xf)),
where, Zg=Z,, Y/ Y7 XYY YY) ¢{@) and satisfies the conditions:
YUY 2Z, YUY D7, YUY VY D2, YN 2D, Y Ny =D,
Y NZ, 2D Y D%

15) a=(¥xZ, Ju(Ys xZ, Jo(Ye xZg )oYy xZ, )u(Y;' xZ, ) (¥ xZ, )oYy x D)

63



where /'Y Y2 YY) Y ¢{@] and satisfies the conditions: Y, UY{ DZ,,
YUY 2Z,, YSUYSUYSOYuY,S o7, YUY uYS oY oY) o7,
Y NZsg 2D, X NZL =D, V) N, #D YN #D;

16) a=(Yy xZ,)u(¥ xZ, )u(Ye xZ oYy xZ, )%y xZq )oYy xZ, )oY xZ Ju Yy xD),
where, Y,V Yo Y/ Yy Y, YY) €{@) and satisfies the conditions: Y, 2Z,
YUY o Z, YUY 2Z,, YSUYSUYSDZ, YSUYSuYSuYSuY,oZ,,
YoNZg#2 D, Yo Ny 2D, Yy NL,#0,Y, N2, #;

Lemma 6.1. Let D={Z,,Z,,2,,2,,2,,2,,Z,D} €Z,(X,8) and Z; #@ . If X is
R'(Q)=8.

Lemma 6.2. Let D=(Z,,2,,Z,Z,Z,Z,Z,D}e3,(X,8) and Z, #D . If X isa

a finite set, then

finite set, then ‘R* (Q2 )‘ - 23,(2\5\27\ _1j _ Z\X\D‘ .

Lemma 6.3. Let D={7,7,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z,#D. If
X is a finite set, then

R*(Qg)‘=31' ol2\77 _4). S\D\zl\_z\o\zl\ .3\X\D\+

+31.[2%2\%] _q). 3\5\22\_2\5\22 '3‘X\I5‘+
+31. 2%\l _q). 3\5\23\_2\5\23\ .S‘X\D‘_'_
+31.[ 2247 _4). 3\5\24\_2\5\24\ '3‘X\I5‘+
+31. 2%\l _q). 3\5\25\_2\5\25\ .3‘X\D‘+
+31.[2%\7 _q). 3\5\26\_2\5\26\ ~3‘X\5‘+
13128l 25\ _q) g\l 2P\l gxinf
_31. 98\l (9lZ\Ze] _q). 3\5\21\_2\'5\21\ .S‘X\ﬁ‘_
_31.922l [ lz\z] _q). 3\5\21\_2\5\21\ .S‘X\D‘_
_31.922\2 [plZ0\Z] _q). 3\5\22\_2\5\22 .3‘X\D‘_
_31.9%\% (5lZs\Z1] 4. 3\5\23\_2\5\23\ .S‘X\D‘_
3. 22| [ 252l _g).[ g2z _ gDVZe) gx\B] _
_31.924\Ze| [ 9lZ6\Z1] _q). 3\5\24\_2\5\24\ .S‘X\D‘_
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Lemma 6.4. Let D={Z,72,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z,# Q. If

X is a finite set, then

R* (Q4)‘:20. olZ0Z1| ). (3202l _plzze] | (4O'2] _gP\zil) 4X\0]
+20-(2%6\%] _1).(3%\2l _ 22\l 4\5\22\_3\5\22\ .4‘X\D‘+
+20- (22l _q). (325l _plz0ze]\. 45\21_35\219.4X\D+
+20-(2%8\4 _q). (3228l _lz\zs[). 4\6\24\_3\5\24

+20- 2‘25\27‘ -1)- 3‘23\25‘ _2‘23\25‘ . 4‘5\23‘ _3‘5\23‘ .4‘X\D‘ +
4\[3\22\ _3\5\22\ .4‘X\D‘ N

.4‘X\I5‘+

1 20.(22] _q) (322 2z,
+20-(2%\0l _q). (322l _ol20\zd] ), 4'3\21_3'5\21).4X\D+

+20- (22021 _q). (322l _ o224l [ 40\ _J0\Z4) 4x\D]

+20. (2247 _q). (322l _ izl 4\5\21\_35\21\ '4‘X\D‘+

+20-(2%\4l _q).(32\%l _jz\zly. 4\D\zl\_3\f>\zl\ '4‘X\D‘

—00.3%\%el (lZ6\1l _q).92\2dl (2626l _5[24\Ze] ), 4‘5\22‘_3‘5\22‘).4‘“5‘_
—00.3%\l (lZ6\r| _1). g2\l (gfZaZl _5l2a\Z), 4'5\21_3'5\21).4)(\'5_
).4\“'5\_
—00. 22\l (9l26\2a] _q). g2\2l (922l _olz0\Zd] ), 4'5‘21_35‘21).4’(\5_
4\5\22\ _3\5\22 ).4‘X\f)‘ B
4% _

4\5\21\ _S\D\zl\ .4‘X\D‘ B

_90.3%%s| (9lZ60Z1] _q).9%\Zd| (g2 _ o212} [4P\Ze] _ D'z,

—90. 2%\l (9lZ8\zr| _q).92\2l (9242 _5lza\Ze[),
BT A N A A WA AR P AP A A 4\5\21\_3\5\21\
—00. 205\l (lZ\r] _q). 92zl (925\Ze| _ol2s\Zsl)
_90. 9124\ (2\25\27\_1).3\22\22\.(3\22\24\_2\22\24\ .4‘5\22‘_3‘5\22‘ 40l _
0. 9l24\%| (2\25\27\ _1).3\21\21\ .(3\21\24\ _olz\z| .(4‘5\21‘ _3'3\21).4)(\Ij -
_90.2/%\%| .(2\25\27\ _1).3\21\21\ .(3\21\23\ _221\23?).(45\21 _gpa ).4‘)(\'5‘

Lemma 6.5. Let D={Z,7,,Z,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z, =D . If

X is a finite set, then:
R* (QS )‘ = 5.&2‘26\27‘ _1). 3‘24\26‘ _2‘24\26‘).(4‘22\24‘ _3‘22\24‘).
(5‘ \Z,| _4"5\ | .S‘X\D‘ +5.(2\Zs\27\ _1),(3\24\23\ _2\24\26\).
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NP ATA R AT .5\5\22\_4\5\22\ _S‘X\lj\_i_s.(z\zs\zﬂ 1 .<3\24\25\_2\z4\25\ )

,(4\22\24\ _3\21\24\), 5‘5\22‘ _4‘5\22‘ ‘5‘X\D‘ +5. 2\25\27\ -1} 3\24\25\ _2\24\25\ .

(42 _ 9202 (gP\2] _ 40\ gx D] +5_(2\25\z7\ _1).(3\23\25\ _2\23\25\).
.(4\21\23\ _3a\zl). 5\5\21\ _4\5\21\ _S\X\D\

Lemma 6.6. Let D={7,7,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z,# Q. If

X is a finite set, then

R (Qp)| = 20-(2% -1) (2% 71)~4‘X‘D‘ +20-(2% 71)-(2‘23‘26‘ ~1)- 4%
+20,(2\Ze\25\ 1 .(z\zs\zs\ _1).4\><\24\ +20.(2\24\23\ _1). 2\23\24\ _1).4\X\Zl\ "
+20-(21%2\%l _q).(9lZa\2el _q .4‘“6‘ ,10,2‘22\'5‘ (2%\3l _q ,Z‘Zl\D‘ (2172l _q
4X¥V8l _q0. 20 (5lza\Z2] _q) olZ Ol (olz\z) g\ 41X VOl _ 1. plZe\El (pl26\z _q
9224 (5lZ5\Z4| _1)_4\X\zl\ _10_2\23\1,\ .(2\25\26\ _19.2\26\21\ _(2\25\23\ _1). 42l _
_10‘2\24\21\' 2\26\23\ 1 .2\23\21\. 2\23\24\ _]_)_4\><\z1 _10'2\z3\zl\ '(2\23\24\ _1).2\24\21\'
olZ6\Zal _1). 41Xzl _ 1. 0122\l _(2\24\23\ _1)'2\23\6\ .(2‘23\22\ _1)‘4\><\D\ _10_2\23\[‘)\.

2l2:\Zs| _q).9lZ2\2)| .(2\24\23\ _1).4‘)(\5‘

Lemma 6.7. Let D={Z,,7,,2,2,Z,,Z,,2,,D}€3,(X,8) and Z,#D. If

X is a finite set, then

*(Q7)‘=14-(2‘Z‘\Z7‘ ) 2\ Z,n2)\2,| (3\22\21\_2\22\21\).
+14_(2\zs\z7\ 1) zzmz1 NZq| (3\22\21\ _2\22\21 )
+14-(2‘ZS‘Z7‘ 1) ( ).(3\21\22\ o2z
1427\l _q ) ol(2:02s) NZg| (3\22\23\_2\22\23\).(3\23\22\_2\23\2

+14. (2\25\27\ ) ol(Zinza)\zg] (3\24\23\_2\z4\23\).(3\23\24\_2\z3\z4\).5\X\D\_

_7.92874| (Jza\ze| _ ) lzenz)z,| 3‘22\[)‘ 32\ _ ol2.\Z)|

3‘21\22‘ _ Z‘ZI\ZZ‘ ‘X \D‘

( s
(3\21\22\ PTACA \) 50l
>

ol(Z2n 22| (42,12 _ 52,12 X0l

\X\D\
+

) ‘Zl\'j‘ 9%\ _olz:\2, 5‘X\D‘ _
_7.920Z5| (9l25\Z4] 71) Nzanz)zy| 3\22\0\ 322 ol \zl\) \zl\D\ NP AN \X\DL
_7.9020\74] (2\26\27 1) (2222|200 (22| _l2\Zo| | 4f72\0] (22| _ olz\zi] gX\0

7. 2\24\25\ (2\25\27\ ) 2‘ 2,0Z)\Z, ,3‘ZZ\D‘ ,(3\22\21\ ,2\22\21\).3‘21\'3‘ .(3\21\22\ ,Z\Zl\zz\),5‘x“j‘ _
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_7.2\24\25\,(2\25\27\ 1) 2‘ LNL)Z| ‘Zl\D‘ (3\23\22\_2\23\22\ ‘Z \D‘ 3\22\23\ 2\22\23\) ‘X\D‘
_7,2\25\25\_(2\25\27\ 1) 2‘ I,nL \Za\_3‘22 D‘ (

_7,2‘25\25‘, 2‘25\27‘ 1 2‘ 22“23)\25‘,3‘23 D‘ (3‘23\22‘_2‘23\22‘

3‘22\21\_2\22\21\) 3‘21\[)‘ 3\23 Z _ 2\23\22\) ‘X\D‘
)3\4\4\ P AL

7.9 (2\25 Al 1) lZaz)z 4z, zl\.(3\24\23\_2\zA\zs\)3\2 0| (3\23\22\ z\za\zz\)5\X\D\

Lemma 6.8. Let D={Z,7,,2,2,Z,,Z,,2,,D}€3,(X,8) and Z,#D. If
X is a finite set, then

R™(Qs )‘ = 4.(2\26\27\ _1).(3\24\26\ _9lZ4\Z4| ).3‘(22“21)\24‘ (4%\] _42\Ze|),
(478l _ g2z X\

+4.(2%\7l _q). (3747 _2\24\25\)‘

3‘ 2,0Z)\Zy| (4‘21\22‘ _3‘21\22‘).(4‘22\21‘ _3‘22\21‘ ).G‘X\D‘l
Lemma 6.9. Let D={7,2,,Z,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z, =D . If
X is a finite set, then

R* (Qg )‘ = (2‘25\27‘ _1) . 2‘(23mz4)\z5‘ .(3‘23\24‘ _ 2‘23\24‘ ) . (3‘24\23‘ _ 2‘24\23‘ ) . G‘X\D‘

Lemma 6.10. Let D={Z,,Z,Z,,Z,,Z;,Z,,Z,,D} €%,(X,8) and Z, #D . If

X is a finite set, then

R* (QJ.O) _ 12‘(2\25\26\ _1).(2\26\25\ _1).(5\0\24\ _4\5\24\)'5\><\D\ N
+12. ( olZ6\z3| _ olZ\Zs| _q ) (S\D\zl\ _4‘5\21‘)'5‘X\D‘ +

1)-(

+12. (2\23\24\ ) (2\24\23\ ) (5"5\21‘ _4"5\21‘).5‘“5‘ _
)
1):

_g.2%\l (2\25\23\ _1). 9%\l (Z\ZS\ZG\ ).(5‘5\21‘_4‘5\21‘).5‘X\D‘_

_G. 2%\l (Z\ZS\ZG\ 262 (2\26\23\ ).(S‘D\Zl‘_4‘5\21‘).5‘X\D‘_

_g. 0\ '(2\zs\z3\ _1) . 9l7\2 .(2\23\1,\ _1) ) (5“5\21\ _4‘5\21‘).5‘X\D‘ B
_g. 2%\l .(2\z3\24\ _1)_2\1,\21\ .(2\26\23‘ _1)_(5\|5\z2\ _4\|j\z2\).5\><\|j\l

Lemma 6.11. Let D={Z,,Z,,Z,,2,.Z,,Z,,Z,,D} €%,(X,8) and Z, #D . If

X is a finite set, then
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R*(Qn)‘:4'(2‘25\26‘—1)'(2‘26\25‘ _1).(5\22\24\_4\4\24\). G\D\zz\_s\o\zz\ .G‘X\D‘_l_

+4 .(2\25\26\ _1) : (2\26\25\ _1) : (5\21\24\ _4n\zy ) . (G‘D\Zl‘ _gP\2) ) %0l

Lemma 6.12. Let D={Z,,Z,,2,,2,,Z,,Z,,2,,D} €%,(X,8) and Z, #D. If

X is a finite set, then

(le 2‘26\23 2\Z5\Ze\ 3‘23\24‘ 2‘23\24‘) 6‘X\z1‘ +
4 4.(2%\%l _q). (2%l _1). (372l _ plz\2il G\X\D\
+4. 2‘23\22 2\24\23 1 3‘22\21‘ 2‘2 2\Z) G‘X\D‘
_4. 2\2‘,\(zauz3 (2\25\23\ \zs\zz\ ) (3\22\21\ —2‘22\21‘)'6‘“5‘

Lemma 6.13. Let D={Z,.Z,,Z;,Z,,Z,,Z,,Z,,D} €%,(X 8) and Z, =@ If

X is a finite set, then
R" (QB)‘ = (2\25\27\ _1).2‘(23022)\25‘ .(3\24\23\ _9l4\zy ).(3\23\22\ _9\z) ).(4\22\11\ _3\22\11\).7‘“5‘;

Lemma 6.14. Let D={Z,,Z,,2,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z, #D . If
X is a finite set, then

R (Que )‘ _ (2\26\23\ _1).(2\25\26\ _1).(3\23\24\ o721z )(7\0\21\ —G‘D\Zl‘)?‘X\D‘;

Lemma 6.15. Let D={Z,,Z,,2,,2,,Z,,Z,,2,,D} €%,(X,8) and Z, #D. If

X 1is a finite set, then
R* (le)‘ - 2.(2‘25\26‘ _1).(2\25\25\ _1),4‘(21“22)\24‘ .(5\22\21\ _4\22\21‘).(5\21\22\ _4\21\22\ ).7‘)(\'5‘-

Lemma 6.16. Let D={Z,,Z,,2,,2,,Z,,Z,,2,,D} €%,(X,8) and Z, #D. If

X is a finite set, then ‘R* (Qu6 )‘ = 2.(2\25\23\ _1).2‘(23“22)\24‘ .(2\25\25\ _1).

.(3\23\22\ _2\23\zz\>_(5\zz\zl\ _4\22\21\).8\X\6\

16
Let us assume that I = Z‘R* Q)
E

Theorem 6.2. Let Dex,;(X,8) and Z, # . If X is a finite setand R, isa

set of all regular elements of the semigroup B, (D). Then |R,|=r.
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7. Regular Elements of the Semigroup B, (D) defined by Semilattices of

the Class %,(X,8) when Z, = . In this section we investigate the

regular elements of the complete semigroups of binary relations defined
by semilattices of the class 2, ( X ,8) when Z, =0 .

Lemma 7.1. Let D={Z,,7,,2,2,,Z,,Z,,2,,D}€%,(X,8) and Z, =0 . If
X is a finite set, then |R* (Q1)| =1.
Lemma 7.2. Let D={7,2,,Z,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z,=D . If

X is a finite set, then ‘R* (QZ)‘ = 7.(2‘5‘ _1).2‘)(\5‘

Lemma 7.3. Let D={7,2,,Z,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z, =D . If

X is a finite set, then

R* (Qs)‘ :16.(2\21\ _1). P2 _2"5\21‘).3‘“5‘ +16.(2\Zz\ _1).(3‘5\22‘ _olP\zl | gx\0f
+16.(2\Zs\_1). 3‘5\23‘_2‘5\23‘ .3‘X\D‘+16_(2\24\_1). 3D\24_25\Z49_3X\5+

+16.(2\Zs\_1). JPZs| _O\Z5| ) JX\D)| +16.(2\Ze\_1).(3‘5\26‘_2‘5\26j.g‘X\D‘+

S\X\D\ B

+16. 24\ ,(2\25\ _1) . 3‘5\21‘ _ 2‘5\21‘ .
(991 {40 g0l g

_16.24\zl (9l _1) :

_16.24%| 2\24\_1) 3‘5\21‘_2‘5\21‘ ,3‘“5‘_

—16-2‘22\24‘ 2\24\_1). 3\5\22\_2\5\22 .3‘X\D‘_

{

{
_16.9%\z .(2\25\ _1)

{

B\ﬁ\za\ _Z\D\za\ _B\X\D\ B

_16.2%\| (ol ¢ 3"5\24‘_2‘5\24‘ .3‘X\D‘_

_16.2%4\z| .(2\28\ _1). 3"3\24‘ _2‘5\24‘ ,3‘“5‘

Lemma 7.4. Let D={Z,2,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z, =D . If
X is a finite set, then
R*(Q4)‘:15~(2‘26\Z7‘—1)-(3‘24\26‘—2‘24\26‘)~ 4\5\24\_3\6\24\ _4\><\D\+

+15.(2\Zs\z7\ _1),(3\22\25\ _ol7\z| ) 4‘5\22‘ _3‘5\22‘ .4‘X\D‘ I
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+15.( 226\ 27| _ ) QfZ\Ze| _ olZ1\Zg] \D\zl\ _35\21?'4X\D N

3Za\Zs| _ olZa\Ze] ) | 4\5\24\_3\6\24 ~4\X\D\+

+15.(21%\% _q

(

(2% -a).

( ) Sl ﬁ
15, (2\2 \Z| 1) 322\Zs| _ ol20\Zs]) [ 4P\Ze| _gPVZe[ ) 4x VD]

(2701

(

(2

4
+15.(21%\%7l _q1 4\5\21\_3\5\21\ ‘4‘X\|5‘+

+15.(22:\Zl _1) 3lZ2\2Z4| _ plZ \24\) 4\5\22\_3\5\22\ _4\><\|5\+

2l24\Z7] 1) 321\24| _ \21\24\)‘ 4\5\21\73\5\21\ .4\><\5\+

32a\Zs| _ 2\23\25\) 4\5\23\_3\5\23\ '4\><\|5\+

3%\Z| _ 2\21\23\). 4\5\21\ _3\5\21\ .4‘X\I5‘ _

(
(
(
(
(375l - 2.
(
(
(

+15- (2% -1}
3

—-15. 3‘26\26‘ (2\2 6\Z7| _

) |Z,\2,] (3\2 A\Ze| _olZs \ze\> 4\5\22\_3\5\22\ .4‘X\D‘_
olZ6\z3| _ 1) 3%\Z (\24\26\_2\24\26\ '45\21_35\21?.4X\D_

_15,3‘26\26‘ ( .
_15.9%\Z| (2\2 6\Z1| _1).3%\2dl . (3\2 2\Za| _9lZ2\24]) 4‘5\22‘_3‘5\22 .4‘X\D‘_
_15.0/2:\Zd| | (2\2 6\Z7| 1) 32.\2)| _(3\21\24\ _2\21\24\>_ 4\5\21\ _35\21?.4X\D _

_15.21%5\Z| | _4\X\D\ B

_15.2\25\25\ 2\25\27\ 1) 3\21\24\ _(3\24\25\ 2\2 \Zg \) 4
) 3%\ .(3\23\25\ _olZ5\2s \) 4\5\21\ _3\5\21\ .4‘X\D‘ B

olZ6\Z1| _1). 572\l _(3\24\25\ _2\24\25\). 4\5\22\_3\5\22

|B\z,] _3\5\21\ _4\X\D\ B

-1 .2‘25\25‘ 2‘25\27‘

o1

-1
_15. 2\24\25\ (2\25\27\ _1) ) 3\21\21\ .(3\21\24\ _ 2\zl\z4\ ) ) \D\zl\ _ 3\5\21\ ? i 4\X\D\ 3

. z‘za\zs‘ .(2‘25\Z7‘ _1).3‘21\21‘ .(3‘21\23‘ _ 2\21\23\)_(4 D

Lemma 7.5. Let D={Z,2,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z, =D . If

(¢}

. 9lZa\Zg| (2‘2 s\Zy| _ ).3‘22\22\ .(3\22\24\ _olZ2\zi] ) (4]PVZe] _gP\Zal| 4X\D] _

-1

(63}

X is a finite set, then

_ 5_(2\26\ _1).(3\24\26\ _2\24\26\).(4\22\24\ _3\22\24\)_(5\5\22\ _4‘5\22‘)5‘)(\[3‘ N
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45. 2‘26‘ 3\24\25\ 2\24\26\

Egzs_ 20zl _ o2z,
(

) S\D\zz\_4\b\zz\ .S‘X\D‘Jr
(3%l _ 2‘24\25‘) A5
Z,

4\21\24\_3\21\24\)_ 5\5\22\_4\5\22\ 'S‘X\D‘_F

D\Z| _4\5\21\ 'S‘X\D‘ N

((422\24 _qm\z).
(

45. 2‘25‘ 4‘21\24‘ _3‘21\24‘

45. (2\25\ _ D\Z,| _4\5\21\ -S‘X\D‘

3‘23\25‘ 2‘23\25‘ (4‘21\23‘_3‘21\23‘), 5

Lemma 7.6. Let D={Z,,7,,2,2,Z,,Z,,2,,D}€3,(X,8) and Z, =0 . If

X is a finite set,then
(@) =to- (2% -1
+10- 2‘26\25‘ -1

+10- 2‘22\23‘_1
_5.2‘ ?\D‘. 2‘22\21‘ -1

(9202z:] _q .4‘X\D‘+20.(2‘ZS\Z3‘—1).(2‘23‘26‘—1).4‘)(\21‘+
[175\Zel _q). 42l +20.(2\Z4\Z3\_1).(2\23\24\_1).4\X\Zl\+
(2l%\zl _q .4‘“5‘_

.2\21\5 (9Z2\%e] _q). gX2] _
_5.2‘21\5‘. olZ\Z| _q .2‘22\5‘. 2\ _q .4‘“5‘_
_5.9lZ\2| .(z\ze\zs\ _1).2\23\24\ .(2\25\26\ _1).4\)(\21\ -
_5. 2\l (lZ8\e| _q) 9lZ6\2| (9lz6\Zd _q). 4 X\2l _
_5. 922 (9l26\Z _q) 9z (9lZ:\2i] _q) 4X\2i|
_5. B\ (922 _q) 9l24\) .(2\26\23\ _1).4\X\Zl\ -
_5. 922 (9202 _q) olZ\0] (5l2\2] _q) 4X'O]

_5.2‘23\0‘ . 2\23\22\ -1 ,2\22\21\ ,(2\24\23\ _1),4‘)(\'5‘.

Lemma 7.7. Let D={Z,2,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z,=0. If

X is a finite set, then
* (Q7 )| -10 (2\24\ 1) 2‘(Zzﬂzl)\z4‘ . (3‘22\21‘ _ 2‘22\21‘ 3‘21\22‘ _ 2‘21\22‘ ,5‘X\D‘ +

+10- (2%l _1). 9l(Zn2)\z4 .(3\22\21\ _olz\z, ) (3\21\22\ _ol2\zy| ,5‘X\D‘ +
+10-(2/%] _1). 9l(@n2)\z ,(3\22\21\ _2\22\21\) (

\
3‘21\22‘ _2‘21\22‘ ,s‘X\D‘ +

+10.(2% _1 ’2\(zzmza)\zs\. 32\l _9l2:\Z4\ . (92124 _ 5l2:\Z| ~5‘X\D‘+

+10,(2‘25‘ _1),2‘(24023)\25‘ ,(3‘24\23‘ _2‘24\23‘) (3‘23\24‘ ‘23\24‘),5‘X\D‘ +
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5. 9lZ0z (ol _q 2\ 2,000)2,| 20| (J2\7| _of2\2| 20| (o202 _ o2zl XD
_5.9l2\z

olZ4 1 2\ 7,n)\Z,| 3\22\D\ (3\22\21\ 2\22\21\) 3\2 0| (3\21\22\ 2\21\22\) S\X\D\

5. ola\Ze| (ofZe] _q .2\ szzl)\ZA“g‘Zl\D‘ 2zl _ 2”21\22”) 3\z2\D\ (3\2 AARPYAA S\X\D\

(Zanz )z, S\ZZ\D\

_5.2\24\25\ . 2\25\ _1)_2

(3\2 A AL N E AT AR AA S AL
olZs _1)_2\(zzmzl)\z4\ PR (

_5,2\24\25\, 3\23\22\ 2\23\22\ 3‘22\D‘ 3\2 \Zy) _ 2\22\23\) 5‘X\D‘

‘(sz‘zl)\ZS‘,g‘zZ\D‘ 3\22\21\ Z\Zz\zl

30| (322,] _ iz | X0

5.9z 2‘25‘—1)-2‘(22“23)\25‘-S‘ZE\D‘ (3\23\22 SZ:\2,| ) QL2 (4202 _ o224 ) XD

‘Z3\D‘ ( \23\22 ‘Zs\zz‘)_5‘xm‘

(
|
Z:\Z (Z
525341 1)
(
(

5.9\ 2\25\_1)_2\(22m23)\zs\‘3\22\21 (\24\23\ 920z,

Lemma 7.8. Let D={7,2,,Z,,Z,,Z,,Z,,Z,,D} €%,(X,8) and Z, =D . If

X is a finite set, then
R* (Qs )‘ _ 4.(2\26\ _l)_(3\24\ze\ _2\24\26\).3\(22@1)\24\ .(4\21\22\ _3%4\% )

.(4\22\21\ —3‘22\21‘)6‘)(\5‘ +4.(2\25\ _1)_(3\24\25\ _olz\zs )

|
.3(Zn2)\Z .(4\z1\z2\ _3\z1\zz\).(4\zz\z1\ _3\zz\z1\).6\X\f>\.

Lemma 7.9. Let D={Z,2,,Z,,Z,,Z,,Z,,Z,,D} €3,(X,8) and Z, =D . If
X is a finite set, then
R* (Qg )‘ - (2\25\ _1). 2‘(23“24)\25‘ ,(3\23\24\ _2\23\24\),(3\24\23\ —2‘24\23‘)6‘)(\5‘
Lemma 7.10. Let D={Z,,Z,2,,Z,,Z;,Z,,Z,,D} €%,(X,8) and Z, =@ . If
X is a finite set, then
R*(Qu) =10 (2% —1)- (2% 71).(5‘5‘24‘ 74"5‘“‘)-5‘“'5‘ +
+10.(2\zs\z3\_1).(2\4\4\_1).( 5ozl _ 4| \M\). X0l
#10- (291 -1)- (2% -1). (5 - m) ol
— 5.9l (g ). g (2

5\D\zl\ _4\5\21\ .5\><\|j\ _

)
).5‘“0‘_
)

)

2\25\26\ 2\26\11 2\25\23\ 5\D\zl\ _4\5\21

_5. 2\23\2A

(2 1)
(22 20 (a5 ) (527t
2\24\21 (2\15\23\ ) 2lZ\2] (2\23\14 ) (S\D\zl\ _4\0\21\
(2ea) 2 (20 )

5\><\D\ _

5. 22\l (9l22\2] _q). o2&l ((9lZe\zal _ S\D\zz\ _4\f>\zz\ 'S‘X\D‘.
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Lemma 7.11. Let D={Z,,Z,,2,,2,,Z,,Z,,Z,,D} €%,(X,8) and Z, =@ . If

X is a finite set, then

R" (Qll)‘ - 4.(2\25\25\ _1)4(2\25\25\ _1).(5\22\24\ _4\22\24\).[6‘5\22‘ —5‘5\22‘)6‘“5‘ n
+4.(2\25\ze\ —1)-(2‘26\25‘ _l)_(s\zl\ZA\ A )(G‘D\Zl‘ —S‘D\Zl‘j-ﬁ‘xm‘.

Lemma 7.12. Let D={Z,,Z,,2,,Z,,Z;,Z,,Z,,D} €%,(X,8) and Z, =@ . If

X is a finite set, then
R* (le) =3. 21Z\Za| Y. (olZ\Zel _1). 3\23\24\ _2\23\24\),6\“21\ +
+3.(2%'%l _1). (9%l _1).(3%\2l _ ozl g*\0l
+3. 2\23\22\ _1). 2\24\23\ —1). 3\22\21\ _2\22\21\ _G\X\D\ +
-3. 2‘24\(ZGUZ3)‘ (2‘26\23‘ _1) . (2‘23\22‘ _1) . (3‘22\21‘ _ 2‘22\21‘ ) X G‘X\D‘
Lemma 7.13. Let D={Z,,Z,,2,,2,,2,,Z,,2,,D} €3,(X,8) and Z, =@ . If
X is a finite set, then
R (Q13)‘ _ (Z\ZS\ _1).2‘(23m22)\25‘ .(3\24\23\ _olzazdl).
.(3\23\22\ _2\23\22\).(4\22\21\ _3\22\21\).7‘“5‘;

Lemma 7.14. Let D={Z,,Z,,Z,,2,,Z,,Z,,Z,,D} €%,(X,8) and Z, =@ . If

X is a finite set, then
R (Q14)‘ = (2‘26\23‘ _1).(2‘25\26‘ _1).(3‘23\24‘ _2‘23\24‘).(7 D\Zl‘)j‘x“j‘;

Lemma 7.15. Let D={Z,,Z,Z,,2,,Z;,Z,,Z,,D} €%,(X,8) and Z, =@ . If

D\z| 6

X is a finite set, then
R* (le )‘ =2. (2‘25\26‘ _1) . (Z‘Ze\zs‘ _1) ) 4‘(21“22)\24‘ .(5‘22\21‘ _4‘22\21‘ ) . (5‘21\22‘ _4‘21\Z2‘ ),7‘)(\5‘;

Lemma 7.16. Let D={Z,,Z,,2,,2,,Z,,Z,,2,,D} €%,(X,8) and Z, =@ . If

X is a finite set, then
R (Q )‘ _ 2.(2\26\23\ _1)’2\(z3mzz)\z4\ .(2\25\26\ _1)_(3\23\22\ _2\23\22\)_(5\22\21\ 4% )'8‘X\D‘

16
Let us assume that I = Z‘R* Q)

i=1

Theorem 7.2. Let De,;(X,8) and Z, # . If X is a finite setand R, isa

set of all regular elements of the semigroup B, (D). Then |R,|=r.
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APROVEMENT OF THE RESULTS OF THE THESIS

The outcomes of the research proposals have been published in 7

international journals, and have been reported at various international

conferences and general seminars:

1.

Of the international conference “MODERN ALGEBRA AND ITS
APPLICATION”- dsm¢9d0, 2010 §., XI — Subsemilattice of the
Semilattice of class Z;(X,8).

Of the international conference “MODERN ALGEBRA AND ITS
APPLICATION”- dsovdo, 2011 §., Idempotent Elements of the
Semigroups B, (D) defined by Semilattices of the Class £;( X,8) .
General Seminars at Department of mathematics, HACETTEPE
University, Ankara, TURKEY, 2016, ,,Complete Semigroups of
Binary Relations Defined By The Semilattices of a Class
z, (X ,8)”.

General Seminars at Department of mathematics, CANAKKALE
Onsekiz Mart University, Canakkale, TURKEY 2016. ,,Complete
Semigroups of Binary Relations Defined By The Semilattices of a
Class 33(X,8)”.

The results obtained were discussed at the scientific workshops of the
mathematics department of Batumi State University.

APPENDIX

There are 3 appendix at the end of the dissertation work. First

appendix contains the example, where the X, (X ,8) class semilettices are

constructed, When|X| =4. In the second appendix, the examples in case

of finite set X, the elements of idempotent and regular elements of

B, (D) semigroup given for the class semilettices are presented and it is

shown that theoretical and practical calculations coincide.
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