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Lo X —bsbgzom3glgho gfimgds. f ogml X bodMsgwol D

Lodmogargdo  BgdoLdogmo  sbobgs.  gmgge  sbgo f sbobgol
993Ladsdne o =U({X}><f(x)) d0bs®Mo  BoBsemgds X

xeX

BoAGs3gbY.  y39es  Sbgmo  a;  (f:X —>D)  dobsdvyero
808:0mYdgdOL LodMgEy 5036086mm By (D) Loddmemmo. d@3oa-

©0s, Om3 By (D) bsbyzstxangos. By (D) bobggstrxanal D
23990m056gdsms  LOWwo X —bobgza®dglgMoom  gobloBrgmymo
00bs6e 900oMJOoMS OO BobgzsMXFMB0 ghirgds.

3md35m Z,(X,m) 560l m  boddwsgmolb  8Jmby  yzgws
23990056700 ms Lo  Bobggs®dgligmgdol  3wsbo. D, D,,..., D,
obgmo gargdgbBgdos (X, M) 3sbosh, GMIgEmaysb sOEIE®O
MO0 9HMIBINOL 0BMINOBMO 5O 5MOL. Lsbmpsme T, (X,m)

Loddmemmo  500b0d6gds E(X,m) 3sbol  4393wsbo,  GMmIwobl

g4mg9wo  9wgdgbGHo  0BmInOHBMos BodloMadmwo D, (1£k£n)
23990 3056905m5 LMo X — bobgza®dglgMobe.

23990m056g0sms  LEwo X — Bobggzom3glgmgdol  4sdmygbgdoom
dobsten  Bods@omgdoms Lo B, (D) Bobggstxamsgdol
dgLHogarsdo s JoMadmEo 89w aqd0L 493M39wgdol Loddgdo oo
§3owo 53l dg@sboro 8. Bobo®sdgl. 58 FodoMmmEgdom R0BOZs-
0589953030l dg;36096M905m5 boMmolbgdo ©ooEggl b. 935¢0s6ds, 2.
RoMBH9bodgd, ™. 20365dgd, b. MmYzsd, Tomgdo@oldol s350gd0me0
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6o Bobggzomxams9gd0.

BHMOL 33G60IGIR0 LOSHRI

6596030 30039 gsbobowgds 03 dobsGME F0dsMMYdIMS
bLOMo B, (D) Babgzstxanzol 3ewslgdo, GmImgdos oblsbo-

30m@os  Z,(X,8)  3amobol  Babgzscmdglg®gdom.  gd8m3zergeos
dm3gdmo  3wsbol  bobggzeMdglghgdols  m30Lgdgdo  dglsdsdolo
053600l dobgz00.

HmEd X babOnmo Lodmsgmgs, 3sdmyzsbowos 2, (X,8) 3wslido
Bobg35Mm3qLnMgooL Momgbmdol IMZWOL BMOTMWS, SOfFIMHOW0s
2,(X,8) 3esbob ygggms J3gbobggze®dalig®gdo s 3ddmYmBoos
Fomaob Xl — g3965bg306H3qLgGmgdo.

Bufogromos T, (X,8) gewsbol gmggo D Bsbgga®dgbg®oom

396LsbE3Gmo B, (D) bobgzstxanagdol dstxggbs ghmgmemgdo,

0©9I3NAIPOHYO0  9wgdghdhgdo,  dogbodoery®o 39Xy VIBIVO,
93 sOMo gangdnb@gdo s 3500 m30l9d9d0, MmEs X LMo
LodEogzmgs,  IMY39bowos 0II3MGIBGHWOO s  MYRMWIOHLIXO
998963900l ®5m@gbmdoL N3Ol GmEMTMEgdo.

00b0odbmo bsgzombgdol Fglfogws 99MmEbmds  gogMm0sbgdsms
LMo X —bsbg3omagbgHol mz30LgdgRL. 50dmBbEs, MMI bobgzem-
X3IBOS 3sLYdol 88 FgmmEom Tgbfogers dog0sd gx39d@MMos.
Bsd6OHmddo  dogdo  990gagd0 30 bodworgdsl  0dwgz0sb o0
Bobggotxamaol  496a3LbsBgmgwo  bsbgza®mdglg®ols  0sMmTobY
QYMHEObMdom 3053505 30M™ dm39dero Bobgzotxamaol
505bslosMYdEr FMogoc M30LYdIBY. 39MHIME, o9hbOs MY 9GO
Bobgzotmxamnl obx3zgbs 9gOMIMWgdo, OMAMMOS 53900  dobo
00993mGHI6GHO0 s MYAMEIOMOo  gergdgb@gdo, doduodsermEo
J39X3DBIVO @ bbgo.
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0299950900, 3scdbM0g0 9HOIIIB0, HIFIWsOIwo gegdgbdgdo,
JodlodoMo  J39xaMRgd0 36003690 ™M3z96 Ol SLGEgd9b
BobgzomxaRms SOLEHMIJEGHMIo MZ30L9d9d0L dgufogersdo.  godma-

06569 599096, 30b5(rMen 308sMmMGdsMS LEMEo Bobgzstxamaqdols
3slgdol dglfagarolol OO YMsMgds 9J3g3s bobggzstxawsdo
B99m0o Bs3MmMZ0wo Lozombgdol dglffsgarsl.

LoOLYOEEOM BsdMMTT0 bobg3zoMXRAMTBMS 30L9ddOL Tgbfoges
bgds  BobgzaMdglg®oms  m30Lgdgdol  bodwowgdom.  dobsGmen
900560790505 bLOHMEO Bobgz5MXAYBJOOL 5BLEHMEH o 13090900l
960d3690wm3gs60 bsfowo doMomoo@ obolsBgMgds 08 gogMmos-
Badoms bLOMmo X bobgzs6mIglgMgdom, GmIwgdos goblobmnamoggb
dm 399990 3slol gargdgb@gdl.

B58MMITo  250m0ygbgds  AgugMms  MgMEool,  bobgzsMx MBS
0gmOHooL, LbodMmsgzgms MIMMOOoL s 3MIBOBIGHMMOZ0L  BMYSEO
3900MQO.

653 M30L 3@SIBNZIN0 KRS MNIMBOIR0O ROGISIRIdS
Lo@OLYOGHIEoM  BsdOMIo  5GHIMIIL  JOMHOMIWIE®  MVYMEOHOWY

bobosmlb.  BodMmddo  FJowgdmwo  Tggagdo  dgodergds  d9dama

399mygbgdeo  0dbsl  Bobggzsrxamgoms o  Bobggzamdglgtos

39033wy39dTo.

LOLIGBSGO0L LAAIIBIGS RS IMGINMBY

LoobgHGsgom  bsddmdo 8gppqds dgbogerol, 3 omogolb, 18
35M53M5x80Ls ©5 7 BIMMOLIYRSD. BsIOMIoL LogMomm ImEMEMmds
560l 3m330vEHJMH00 O30 MbGdMEOo 329 94396 0.

653390 M30L LSIANM KRObOLOSMTdS

»sg0 L, (X,8) 3amsbols Bsbgzs®dglg®gdols g396sbg3sm8glgmgdo.
58 5380 obBsOEIPVMos Ty (X,8) gewslio, Gmzs X Lsbidvero

LodMOzEgs  498MmY35b0w0s FmEgdmeo  3wsbol Babgzs®mIglgMgdol
©50©Y6MBOL EINZOL FNOINS, 50fgHowos Z, (X,8) 3wsbol bs-

b935639LgMH OO S FomYRSE Yodmygmagomos X7 — 439bsbggzo63qLgegdo.



30d350m X 965356090 bodmagmgs. Z,(X,8) Loddmermomo
5036086mm 359000569808 X — Bobggzemdglgems  3ewslio, G@Agol
gm3gwo  gegdghho  Gmdgwowsy  D={Z;.24,25,.2,,25,2,,2;, D}

25900056980 X = Bsbg30699L9M0L 0BMIMORMEos ©> GMIGOo
930099000 Bobsbo 1-by.

3009350 D:{27,26,25,24,23,22,21,D} s C(D)={P,,P,,P,P,P, P, PRy}
5ol X LodMsgeol Fyzowm-Fyzoms@ 0659133900 J39L08Gsgmgms

l;15157,737,7,D
PRPRPRPRAR
Bobgz5m3gLgmols C(D) Lodcsgegdo, 85806  Bempgdmeo

Bobggzomdglgmol  gegdgb@gdolomgol  BMEToE  GHMEMIGOL
996900  899ga0 Loby:

Mows3  LOIMOZWY  © l//=[ ] oMol sbobgs D

O

)

VRUPRUPRUP,URUPR UP,
yUPR, URUP, URUPR UPR,
VRURUP,URUR UPR
VPR, UR,URUPRUPR,
URURUPRUPR
VRURUP,URUPR
URUPR,

VP, UPR;

o

A W N P

NNNNNNN

(&)

~N o

Bobsbo 1.
bosg R P, P, By 90093963900 560056 D Bobgge®dglig®ol dsbobeo

Fgotmgdo, bomem Ry, By, By, P- Lobagbol §gsmmgdo. s8o@md | X|>4

> 0=4.
wgds 1. goggom DeX,(X,8), |22(X,8)|:S © [X|2624. oy X

1
balir)e00 LodGHgErgs, 8806 § = = (9"-4-8"+6.7"-4.6"+5").

sbews  503Fg0mm  Z,(X,8) ool Xl = g3gbsbgga®dglg®gdo.

29dmoymazs 6 99dmbgazs, glgbos:

1) Z,nZg %D 2) 2,25 =D, Z; N2y #D, Zg N 25 2D ;
890pamddo mommgmEro 9990mbgg3oLm3ol Go-(39¢395 s0hgMowo
839990 3eslols Xl -J3965bgg689bgGH9do0.
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@g8s 2. gngzom DeX,(X,8) s Z; NZg#D, 85806 99890 LodGsg-

99800 5300FOgd0s6 D Bsbgzs8glgmol yzgws Xl — Jgqgbsbagec-
dqbgto:

1) {D} {Zi} 2o} A Za} {Za} {251 {Z6 {27} (0b. 05335851 Bob. 2-%b);
{27,25} (27,24} {27,2,}.{27.2}.{Z7. D} (26,24} {Z6. 25} {26, 25},
{zﬁ,zl 126.D},{Z5.2,},{25.0}.{24.2,}.{24,2,},{Z4, D} {23,274},
{Z5,D}.,{Z,.D},{Z,, D} (0b. 005763852 63b5b02-%9);

3) {Z7.25.2,}. {27 Zs, D} {27.24.2,}, {27124121}'{2714'D}l{ZwZz:'j}:
Z7,2,,0},{Z,24,2,},{Z6.24,0}.{Z6,24.2,}.{Z6. 2, D} {Z, 23,21},
Z,24,D},{Z4,2,,0}.,{Z5,2,,D},{2,,2,,0}.{2,,2,,0},{Z5,2,, D}
0b. 05305353 bsbsB02-bY);

4) {2,.25,2,,0},{2;,2,,2,,0},{Z;.2,,2,,D},{Z,2,,2,,D},{Z,2,,2,, D},

{z7

{

|

{Z6,23,2, D} (0b. 005365854 63b3b02-%y);

5) {27,25.24:2,}.{Z7.25,21,0},{2;,2,,2,,D},{Z5,24,23,2,},{Z6.,25,2,. D},
{25,2,,2,,0},{24,2,,2,,D} (0b. @05365355 Bobsbo2-by);

6) {Z7.24.2,,21,D},{Z5.24.2,,2;, D} (0b. ©0sp®3856 Bbsbo2-bg);
7){Z7,25,24,2,.D}.,{Z5.24,25,Z;, D} (0b. ©0sp®3857 65b5b02-%9);

8) {Z.25.24,25,21,D},{Z5,24,23,2,,2;, D} (0b. @05365358 63b3b02-y).
@gds 3. goggom DeXy(X,8) s Z;nZi=0, Z;NZ3#D,
ZsNZs#QD, 08506 @qds 2-0bds @©d 899ga0 LoIMsgEggdom

500m0§)698056 D Bobgzs®dglgmol yggems Xl — §g9bsbgza®dglgmo:
9) {Z,,Z5,Z,} (0b. 005305859 b3bsb02-by);

10){Z,,24,2,,2,}{Z;,Z5,2,,2,},{Z;.Z;,Z,, D} (0b.c00sp®58510 63b.2-%g);
11){2,.2,,2,,2,,0},{Z,.2,,Z,,Z,,D} (0b. @0s363s11 b3bsb02-%9);
12){Z,.24,2,,2,,2,,D} (0b. @0op®58512 63b5%02-%by).

wgds 4. 3odzsm DeZ,(X,8) o Z;NZ3=0, ZgnZ;#J, 85906

905 3-0bs s 89990 LOIMHZW )OO0 sTMOfMMGd0sb D bobggze®-
99L960L ygges Xl — 43965bggo69L960:
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9) {Z,,Z4,2,},{Z,,Z,,Z,} (0b. 005365859 bsbsB02-%y);
10){2,.24,2,,2,}{2;,25.2,.2,} {Z,.2,.2,,D} { Z;.,Z,,Z,, D}

(ob. ©00™53510 boba®o2-by);
13){Z,,Z5,2,,Z5,Z,} (0b. @0sa®50513 Bsbsbo2-%y);
14){Z,,2,,2,,2,,2,,D} (0b. @0s3»>3514 Bobsbo2-%by);
15) {27,26, z2,2,,2,,Z, Ij} (0b. ©053M0515 BobsB02-%by).
@gds 5. godzsm DeX,(X.8) v ZgnZs=D, Z;NZ3#T, 85806
935 3-0bs s 99030 LOMI3YIBOm STMOfMGd0sD D bobggze®-

89bg®ob gzges Xl — 43965bggs689bgGo:
9) {Z,,26,Z,}{Z5.Z4,Z,} (0b. 05859 Bisbsbo2-%g);

10){2,.24,2,,2,}{27,25.2,.2,} {Z,.Z,.2,,D} { Z. 25, Z,, D}

(ob. ©05aM53510 bobsBo2-by);
13){Z,,24.Z,,Z,.Z,} (0b. 0053058513 B5b5%02-by);

14){2,,2,.2,,2,,Z,,D} (0b. @oop®s3514 63b5%02-B9);
15){Z,,24,25.2,,Z,.Z,, D} (0b. @053653515 63b5%02-%9).

g5 6. 3o0dz00 DeZy(X,8) s Z; NZ3 =D, ZyNZs=D, ;L #D,
35806 qngds 4-0Ls s gds 5-0b BobgzsmTGLgMYd0m 5TMOFKYMHO06

D bsbgzo689bgmol yggems Xl — 43965b9356:89L960.
@gds 7. goggom DeXy(X,8) o ZgnZz=0, 85306 gds 6-0bs s

39900930 LOIMO3ggd0m 5TMOfMYo0sb D  bobgzaMdglgMol yzgers
Xl = 43965b935639L960:

9){Z,.2:,2,}{Z,.2,,2,} {Z;.Z5, Z,} ,{ZS,ZS, D} (ob. ©0sa®5359 Bob. 2-%g);
13){Z,.24,2,,2,,2,},{Z,,25, 25,2, 2,} {26, 25,24, 2,, D} {Z,,2,,Z,,2,, D}

(ob. ©0gM53513 bobo®bo2-by);
16){2,.2,.,2,,2,,25,2,,Z,, D} (0b. @0sp®38516 Bobsb02-bg);
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60bo°00 2.
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530 II. 0@gd3m@gbdmemo gwgdgbdgdo. 3 mogdo dmEgdveos
2,(X,8)  gaobol  Bobggza®dglg®gdom  aoblsbrgdvymo B, (D)

Bobg39mx2953900L 000733mEIbGHWOO gargdgb@gdol LEWo sefgMs.
03Mmgmzg, OHm3s X 9mob  LobOvyero  LodMmogwrg,  Asdmyz3s60¢0s

033N gd0, MGMIGE0S BodMsEgdOMSE IMZEOWos IMEgd o
Bobg390%am530L 000933 IBGMO0 9egdgbEHgdol Mom@abmds.
30d3s0 D= {27,26,25,24,23,22,21, Ij} €3,(X.8), Q (i=123,..,16)

LOAdMEMYd0m 5036086Mmm F9dgao LOIMIZ3EgqdO:
1) Q ={T}, bosg T €D (ob. ©0s3Ms851 Babsbo 2-by);
2) Q,={T,T"},bocsg T,T'eD > T T’ (0b. 03852 bsb. 2-by);
3) Q ={T. T T"} ,bocoog T,T . T"eD o TCT' <T" (0b. @0sg®s0s 3
Bobsbo 2-%y);
4) Q,={T,T"T".D}, bowsg T.T.T"eD @ TcTcT'c (ob.
003M5035 4 bobabo 2-%g);
5 Q={T,T'T"T'UT"}, Lowsg T.T'T"eD, TcT', TcT" o
T\T"20, T\T' 2 (0b. 0536505 5 Bsbs%o 2-%y);
6) Q ={T.2,,2,Z".D}, bscwsg Te{Z,.Z,}, 2,2'€{Z,,2,}, Z#Z'
©S Z\Z'# D, Z'\Z =D (ob. ©0s®53s 6 bsbsbo 2-by);
7)Q :{T,T’,T",T'UT”, 5}, boog T,T' T"eD, TcT', TcT" s
T\T"=, T"\T' = (0b. ©0sa®535 7 Bobsbo 2-%y);
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8) Q,={T.7.2,,2,UT".Z,D}, s Te{Z;Z}, T'e{Z.Z},
TcT', Z,uT,2e{Z,,2,}, Z,UT'#Z, T\Z,#QD, Z,\T'#Q
> (Z,UTNZ =D, Z\(Z, 0T )= (0ob. @0osg®s0s 8 Bab. 2-%y);

9) Q ={T,T'TUT}, bosg T,T'eD, T\T'#@, T\T#3 oo
TNT'=J (ob. 0sgMsds 9 Bobabo 2-%y);

10) Q, ={T. T, TUT.T"}, bswsg T,T',T"eD, (TUT)cT", T\T' =,
T\T 20 @5 TNT'=J (0b. ©osgMads 10 Babsbo 2-By);

11) Q, ={2,.2,,2,,Z,D}, bsg Z€{Z,,Z} @ Z,nZ=D (ob.

053M05 11 Bobabo 2-by);

12) QQ:{Z7,ZB,ZA,ZZ,21,I5}, boo3 Z,NZ;=J (ob. ©osyMsds 12
Bobs02-%g);

13) Qs ={T,T',T UT’,T”,Z} . Loog T, T T".ZeD, (T UT')CZ ,
T'cT'cZ, (TUT\T'z@, T\(TUT)#d > TnT'=@ (ob.
Q0530513 bobsbo2-by);

14) Q, ={T.7.2,,2,2',D}, bswsg T.T.2,2'eD, T,T'e{Z,.Z,},
T#T',2,c2'cD,T'cZ2cZ',2,\1#D,Z\7,#D ©5 TNZ =2
(ob. ©05y-M505 14 bobsbo 2-By);

15) Qs ={T"T.2,T"ZT"0Z,D}, Lssg T.T'e{Z,Z}, T=T', TcT',
T'elz, 2}, Z,cz, (T"uz,)uZ=D, T\7,2@, Z7\T"#0,
(T"UZN\Z =D Z\(T"UZ,)#D @5 T'nT"=D (ob. ©0s3®58> 15
Bobsbo 2-%g);

16) Qi ={Z;.24,25.2,,25,2,,Z,,D} , boog Z;nZ, =D (0b. @053»535
16 Bobsbo 2-by).

0933mGH96GHOH0  gangdghGgdol  smfgmedg  godmyzsboos
D:{27,26,25,24,23,22,21,5} Bobgzs®Bglg®om asblsbrgevemo B, (D)

Bobgzotmxamnol dodx39bs gMmMgMol sSOLYOMBOL 99(30¢JOJO S
bo3dsMobo  30MHMdPPO @S GMmEs X LsbOwwo  LodMIZEgs

24580yg43560005 35000 MM bMdOL sMZEPOL BMMIWs.
wgds 8. gorggsor D ={Z;7,Z,25,24,25,25,2;,D} 560l XI —Bobgstr-
dqbg®o. 85806 & BobsGMEo J0ToMmNGds, HMAWOL 335HD0bMOT>EH
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7

BorBmapgbsl  ad3b  Labg  a=(YxD)u J(¥xZi),  beweg
i=1

Y Y YE Y e { D), s@ol B, (D) bobyzstxamaol  8s6x396s
96090 35806 s IbMEwmE J580b, OmEs a d0bsGywo B0dsMrmgds
530594mx80wgdl 9989y 306MdGOL:
Y/ 27, Y 2Z,, YUY 27, YUY o7,
YONZ, 2D, Yy WL, #D.
wgds 9. goggem DeXy(X,8), Z,NZ, =D s EL (D) Lod®sgany
560b B, (D) Bsbggstxanaolb  ygggms  Bstxggbs  ghmgoengdol
bodMsgwg. oy X LobOMo LodMmsgergs, 9590b BsdsGmNE0sbos
39900930 BMEOIYo:
‘E&r) (D)‘ . (2‘25‘21‘ ~1) (2% —1) g*\0
1. 59 3565305880 sfigMowos =, (X,8) 3wsbol babggs®dglgHgdoo
3oBLsBOgOMmo B, (D) Babyzstxanggdol  0©9d3m@gb@rco
998963900, Bdmgs Z; NZg =D .
mga6gds 1.1. godzso DeX,(X.8), Z;nZg#D > aeB, (D).
B, (D) Bsbgga®xanaol a 30bsevyeo 808:s0mgds smob dmagdsmemo

Bobgzomx a0l 0qd3m@gbGveo gagdgb@o 95dob s dbmemeo
35806, OHMmEs a  30bsmMwo FodsMmgds 93059ma0wwgdl 89990

306009006 gHm-9OHo:
Da=XxT,bopsgTeb;

) a=(YxT)u(¥ixT'), bssg TT'eD, TcT'| Y.Y¢{D} o
03004 x30wgd9b 3oMmmdgdlL: V¥ oT Y, NT' = ;

3) a=(Y xT) (Y xT)U(Y xT"), bosg T,T'T"eD, T<T'cT",
YIS e {D) @0 9385gm@omgdgb  3060mdgdb: Yy oT,
YOOUYT T, Y nT' =23, Yo nT" =D,

A= (Y xT )oY xT)O(Y xT")u(Yy xD), bssg T,7.T"eD,
TcT'cT'cD. YA Y YEYS 2{D)  ©  538s9mz3009d96
3060mdgdL: Y 2T, YUY 2T, YUY SuYs oT", Y nT' #d,
YENT 2D, Y "D=J,;
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5) =Yy xT)U(Ye xT)U(Y xT") U (i xT'UT") , bosg T,T',T" €D,
TcT , TcT", T\T"=Q, T'\T'20, Y YO, Y0 ¢{D} oo
530594m80owgdgb 306HMdYOL: Y1 LY T, Y UYL oT", VP NnT' =,
YT "=,

6) o = (Y xT) (Y, xZ, ) u(¥; xZ) (Y5 xZ')u(Ys x D), bysg T e{Z;.Z,},
2,2'e€{2,,2,},2#7", Z\Z'#QD, Z\Z#D, Y'Y Y. Y5 el oo
03004mxz0wgdgb 30MmmdgdL: Y oT, YUY/ 2Z,, YUY, UY,2Z,
YUY, WY, 22 X NZ, =D N, N, #D, Y, N =D,

7) o= (Y xT) UV xT )oY xT") (Ve x (T OT"))u(Ys x D)),
Ldssg T, T\ T"eD, TcT', TcT", T\T"'#Q0, T"\T'2J ]
YEYE YR Y 2 {D) @ 938sgmgzoegdgh 30mmdgdl: YUY T,
YUY T, YE T 23, Y2 T 2D, Yy nD=J;

8) o =Yy xT )u(Yy: xT') U (Vi xZ, ) (¥, X(T'0Z,))U(¥ xZ) u(Ys'xD),
bowsg Te{Z,,Z,), T'e{z,,2,}, TcT', 2,UT, 2€{2,2},Z,UT 22,
TN\Z, 2D, Z,\T' 2D, (2, UTN\Z 2D2,Z\(Z,UT") 2 3,

YEYEXE Y e{@) @ 938sgm8ogdgh  30mmdgdl: YUY T,

Y OY, o7, YooY, UY, o7, YoNT =3, Y NnZ, =D,

Y/ NZ =D,

@gds 1.1. goodgsm DeZ,(X,8) @ Z;NZg#T. oy X Labdvyero
I*(Q1)|' I*(Q1)|:

@gds 1.2. godgom DeZ,(X,8) @ Z;NZg#T. oy X Labdwyero
bodMogwgs,  9sd0b

I"(Q, )| -0 LoBAWH3Mg  3SFMOMZEDS
ggm@ﬁgj@om

( \D\zl\ 1) 2\><\D\ ( \D\zz\ _1). Z\X\D\ +(2‘D\Za‘ _1). Z\X\D\ +(2‘D\ZA‘ _1).2‘X\D‘ +
N (Z‘D\ZS‘ 1) Z\X\D\ N (2\0\26\ _1) ) Z\X\D\ + (2\0\27\ _1) ) Z\X\D\ + (2\21\23\ _1) okl
(2\21\24\ 1) Z\X\Zl\ +(2\Z1\Zs\ _1),2\X\Z1\ +(2\Z1\Zv\ _1),2\X\21\ +(2\Zz\24\ _1),2\X\Zz\ n
(z\zz\zs\ _1) .9z +(2\Zz\zs\ _1),2\’“22\ +(2\Zz\zv\ _1),2\X\Zz\ +(2\Zs\zs\ _1),2\X\Za\ n
+(2‘ZA\ZE‘ _1).2\><\z‘,\ +(2\z4\z7\ _1).2\X\z‘,\ +(2\zs\z7\ _1).2‘X\25‘

@gds 1.3. goodgom DeX,(X,8) o Z;NZg#D. o X Lsbeoyewo
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BodGogawgs, 85306 | 1"(Q )| -0l LoAsgMy  PdBMOMIEYdS
gméatg@om

( 2\21\23\ 1 (3\0\21\ —Z‘D\Zl‘)G‘X\D‘ (2\21\24\ _1).(3\0\21\ _ 2\0\21\ ).3\><\D\ +
n 2\22\24\ 1) 3‘[’\22‘ 2\0\22\) S‘X\D‘ (z\zz\zs\ _1).(3‘D\ZZ‘ _Z‘D\ZZ‘)G‘X\D‘
0 g0 ) (g ) (000 | g

2\zl\z6 B 1)
2\23\25\ 1)

( (
(2 ) )
(20 )2
(20 ) (30 -2 () (5 -0 ) g
(21 )
(2 )
(25 1)

(

+

+

3‘D\Z3‘ ‘0\23‘) \X\D\ (‘24\26‘ 1 \D\z4\ ‘D\ZA‘ \X\D\

+ 2\@\27\ 1) 3\0\z4\ ‘D\ZA‘ S\X\D\ (2\15\27\ 1 (\D\zs\ \D\zs\ \X\D\+

+

2\23\25\ 1) 3\21\23\ 2\zl\z3) 3\><\zl\+(2\24\zs\ 1) (3\21\24\ 2\21\24\) 3\><\zl\+
n 2\2,,\25\ 1) 3\22\24 _ \z \24\) \X\zz\+( \24\27\ _1) (3\21\24\_2\21\24\)’3\X\Zl\+
+(2\24\z7\ 1) 3\2 2\Z, 2\22\24\) 3\X\zz\+(2\zs\z,\ 1) (3\22\25\_2\22\25\).3\X\Zz\

@gds 1.4. 3odgom DeX,(X,8) s Z;NZg#D. oo X Lsbeoewo
Lbod@Mogangs,  d5dob

1" (Q, )| -0l LoBdWH3Mg  350MOMZEDS
B0OHIMOon:

|*(Q4)|:(2\Zs\27\_ ).(ngz\zs\_zwzz\zs\).( \D\Zz\_3\0\zz\).4\xm\ +
+(2\z4\z7\_1) 3\zz\z4\ 2\22\24\) (4\D\Zz\_3\D’\Zz\),4\X\D\ N
H(27 1) (32 -2, (4\0\4 _S\D’m\)_dmw N
+(2\z4\ze\_1) 3\z 2\Z4| zwzz\m) )
+(2\z4\z6\_1) 3\z1\z4\ 2\z1\24\) )
+(2\za\z6\ _ ).(3\21\23\ _Z\zl\zsw) (4\%\ _ 3\D\ZJ).4\X\D\

@gds 1.5. goggom DeZ,(X,8) ws Z;NZg#T. ooy X LabOyeo

4\D\22\ _3\13\22\ '4\><\D\ +

(4\D\zl\ _3\D\zl\ .4‘X\D‘ 4

BodGogangs, 85906 | 1" (Qs )| -0l LoBAWH3Mg  3SFMOMZEDS
BMOHIMom:

" (Q5)| :3_(2\22\21\ _1>,(2\Zl\22\ _1)_4\><\D\ +(2\25\24\ _1)'(2\z4\z5\ _1).4\><\zz\ N

+(2\z5\z1\ _l).(z\zlxzf,\ _1).4\X\D\ +(2\24\za\ _1)‘(2\23\11\ _1).4\><\z1\ +

+ (2\23\22\ _1) ) (2\22\23\ _1) ¥
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@gds 1.6. 300dgom DeX,(X,8) s Z;NZg#D. oy X Lsbeeyemo
bod@Mogangs,  d5dob

1" (Q )| -0l LoBdogmg  addMOMIMgdS
B0OIMOom:

|| | ( \24\27\ _1)_2\(zlnzz)\zA\ _(3\21\22\ _2\21\22\)_(3\22\21\ _2\22\21\)_5\X\D\ "
+( 2l2:\2| _1).2\(zmzz)\z‘,\ .(3\21\22\ _ oz ).<3\zz\zl\ _ o2\ ).S‘X\D‘

@gds 1.7. godgom DeX,(X,8) s Z;NZg#D. ooy X Lsbeoewo

bod@Mogangs,  d5dob

I"(Q )| -0l Loddsgmg  gdd0MmZWYds
B0OHIMOom:

I*(Q7)|:(2\z4\zs\ 2\25\24\ (S\D\ZZ\ 4\0\22\) gl
+(2\zs\24\ \24\23_ (5\0\21\ \D\zl\)_s\xm\

)

Q)

gds 1.8. goodgom DeX,(X,8) @ Z;NZg#T. oy X Labdvyero
bodMsgegs,  35d0b |I A | -0l Loddsg®y  godmomzEgds
ROHIMEOo:

||* (Qs )| _ (2\23\22\ _1).(2\24\23\ _1)_<3\zz\zl\ _ 2\22\21\).6‘X\D‘ N

+(2\25\Zl\ _1>.(2\z,,\z5\ _1)_(3\z2\z1\ _Z\zz\zl\)_e\xm\

SbEd ©3M3zsm, O™ K = ZS:| I"(Q )| .
i=1

mga6gds 1.2,  gogzsm DeZ,(X,8) s Z;nZg#D. oy X
LabO¥Eo LodMmsggs s Iy 3ol B, (D) Bobgzsdxangzol yggms
009933 96¢ M0 9egdgbEHdoL LodMogwry, dsdob |ID| =k,

2. 58 350555380 s0fgeowos T, (X,8) 3wabol Babgzsmdgbg®gdom
3oBLsBOgOMmo B, (D) Babyzstxansgdol  0©9d3m@gb@ncmo
99896900, Odmgs Z, N2, =D, Z,NZ, #D, Z,NZL, #D.

oga6gds 2.1, goggeo DeX,(X,8), Z,nZ;=0, Z,nZ,#OD,
ZiNZ,#D s aeB, (D). B, (D) bobggatxanaol a dobsevyeo

3005OHmMYds 60l BmEgdnwo  Bsbgzstxamaol  0©Yd3mEgbEmGo
993960 35806 s Fbmeme 35306, HMEs @ B0bsMero JodsMrmgds
03054mx30@qdL mgmMgds 1.1-0Ls s 999@ga0 30HMdJdI0L gho-
geoml:
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Na=(Y7xZ,)u(YexZs)u(Yi xZ,), Loy V7Y 2{D) o
53054 x30@9d96 306mdgdL: Y, ©Z,, Yy D Zs;
10) o =(Y; xZ, )U(Yy xZg ) U(Yi x Z,)L(Yy xT ), bssg T e{Z,,2,,D},
Y)Y e { D) @5 93054mBowgdgb  30MHmdYRL: Y ©Z,,
Y& 2Z, Y NT =&
1) =(Y7 xZ, ) u(Ys xZg)u(Y % Z, ) u(Y xT)U(Ys xD),  bssg
Te{Z,,2,}, Y2 XYY ¢{D} @ 53059mz30egdgb  306Hmdgdb:
XS DZ,, Y 2Z, Y OUYE OV OYE oT, Y nT =23, Y nD=J;
12)a = (¥, xZ, )U(Yy xZg ) U(Yy xZ, ) U( ¥y xZ, ) U(Y* xZ, ) U( ¥y xD), basg
YIS, ¢{D) o 9385gmzomgdgb 306mdgdl: Y ©Z,, Y& 2Z,,
Y OYy Y OY,) oz, YUYy Y Oy o7, Y, N2, =D,
Yo nZ =D,
wgds 2.1. godgom DeZ,(X.8) ws Z,NnZi=D, Z,NnZ,#,
Z,nZ;#@. on X bobonwo Lodksgegs, 85806 [17(Q)[-ob
Bod53M9 250M0MZGdS BMMIMO0: |I* (Q, )| =3\l
gl 2.2. godgyo DeX,(X.8) v Z,nZ =0, Z,nZ;#OD,
Z,nZ;2D. o X Laberwo LodGogags, 85306 |I7(Qy)|-ob
LOAIWH3MY IFMOMNZYdS BMOIMEO:
I* (Qlo )| _ (4\Zz\24\ _3\22\24\)_4\X\22\ +(4\21\Z4\ _3\21\24\ ),4\X\21\ T
+(4\D\24\ _3‘D\24‘).4‘X\D‘
wgds 23. goggom DeZ,(X,8) s Z,NZi=D, Z,NnZ,#,
Z,NZ, 2D, o X Lbowmmo Lod®ogergs, 95306 |I* (Q, )| -ols
LOIIWH3MY FMOMZGdS FMEOHIMEOm:
|° (Qn )| _ (4\22\2‘,\ _ gz )'QSD\ZZ B 4\D\z2\ )'S‘X\D‘ +
N (4\21\24\ _3\21\24\ ) ] (5 D\Z,| _4\D\zl\ )‘S‘X\D‘

wgds 24. godgyo DeX,(X.8) o Z,nZ =0, Z,nZ;#OD,
Z,nZs#D. oy X Lobhnwo bodesgegs, 85806 |I°(Qy,)]-ob

L0ddE53MY 2OTMOMNZEGOS BMEOTYOO:
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1"(Qu)| = J@rz)zy ,(4\z1\zz\ _ 3\z1\zz\),(4\zz\z1\ _ 3\zz\z1\),6\X\D\

Q)1 (Qo)|+ 1™ (Qu)+[1"(Qu)]
ngmegds 2.2, gogzsm DeX,(X,8) s Z,NZi=D, Z,NZ,#OD,
ZiNZy#D. oy X Lbegwo bodcsgwgs @ |y sGol B, (D)

Bobggzotx a0l 439es 0©gd3mEG9bGmemo gmgdnb@gdol LodGmagany,
85306 [1,|=k, +k,.

3. 50 356535880 >afgowos T, (X,8) 3wsbol babgzs®dglgHgdoom
39BLsBEgOMmo B, (D) Babyzstxanggdolb  0©gd3m@dgbdnco
99996900, BmEds Z, N2, =8, ZsNZ, #D.

mgm@gds 3.1. goggom DeX,(X.8), Z,nZ,=0, Z;NZ,#D @
aeB, (D). B, (D) Bsbggstrxansol a 30bstrymo 0ds6Gmgds sGols

9390990 Bobgzomxanol 0gddmEgbEmmo gwgdgbdo dsdob o
dbmwmnE 95906, Gmas a d0bstrmwo B0dsM09ds  53054MmB0EgdL

096935 2.1-0bs ©s 98 gR0 30MMBIO0SL JHMN-gOHDU:

9) ar = (Y xT) (¥ xT )Y x(TUTY)), b5SG T,T'eD,
T\T'=20, T\T=D, YY ¢{d} ©s 53859080896 306:mddL:
Yo oT, Y7 oT';

10) @ = (Y7 xT ) O (Y xT) OV x(TUT)) (Vg xT7), 553
TT.T"eD, T\T'2Q, T\T=20, Y Y Y e { D) ©>
530594mx80wgdgb 306OMmdgdL: Y T, Y7 T/, i NnT" = ;

13) a = (Y xZ, )U(Ye xZs ) U(Yi % Z, ) U(Y, % Z,) UV xZ,), oo
Y Y Y 2 {3 o 9380gmzomgdgb 3ommdgdl: Y 2Z,, Y& oZ,,
Yo OYy 2Z,, Y NZ, =D

14) @ =(Y;7xZ, )u(¥e xZs ) (Vi xZ,)u(¥y xZy ) (Y7 xZ,)u(¥y % D), Lasg
YIS Yy e {d) @ 938sgmzomgdgb  306mdgdL: Y, ©Z,,
Y 2Z, YO OY 22, Y N2, 2D, Y "D #Q;

15) @ =(¥xZ, )u(Ye xZg ) (¥, xZ )u(Yy x 2y )u(¥y xZ, )u (Y, xZ, )Yy D),
bocosg Y7 Yo Y Y €] o 938symzowgdgh 306mdgdl: Y ©Z;,
Y DZ,, YOS D2, Y UYE UYS DZ,, Y N2, 2D, Y N2, £ D,

obs ©o3mdzsm, MM k, =
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@gds 3.1. 30g3sm DeX,(X,8) @ Z,NZ; =0, Z,NZ; #D. ooy X
LsbOM@o LodGagangs, 85806 |I*(Q9 )| -0l o8Iz R5IM0MZEIdS
BOGIDO0: ||*(Q9)|=3‘X\Z"‘+3‘X\Zl‘-

@905 3.2. 300dzom DeX,(X,8) s Z,NZ, =D, ZiNZ; 2D .oy X

LabOYYEO LodMIZEYs, 33806 |17(Qy, )| -0l LOBAWH3MY 35TMOMZEGDS

B0OHIMOon:
|| * (Qlo )| — (4‘22\24‘ _3‘22\24‘ ) 4‘)(\22‘ + (4‘21\24‘ _3‘21\24‘ ) 4‘)(\21‘ +

+(4\D\z4\ _3\D\z4\)_4\xm\ +(4\D\zl\ _3\0\21\ ).4‘X\D‘
gD 3.3. 30dzsm DeX,(X,8) 0o Z,NZ; =D, Z,NZ;#D. oy X
Lobi®veo LodMogergs, dsdob

1" (Q )| -0b LoAIES3MY ASFMOMZEYDS
goBdzw@oo: [I(Q)|=(2%%-1).8°%.

@gds 3.4. 300J3o00 DeX,(X,8) @ Z,NZ; =0, Z,NZ; #D. ooy X
BsbOM@@o LodGZEgs, 35906 |I*(Ql4)| -0l LOAAH3MY FIFMONZVYDS
go6dawoo: I (Q,)]=(2%™ —1)-(6‘5‘21‘ —5‘°‘Zl‘).6‘x‘f" _

@gds 3.5. 300J3o0 DeX,(X,8) @ Z,NZ; =0, Z,NZ; #D. ooy X
BsbOM@o LodGZEgs, 35906 |I*(Q15)| -0l LOAAH3MY FSFMONZVYDS
BMOHIMWOom: |I* (Qs )| = (z\za\zz\ _1)_<4\Zz\21\ _ 3%zl ),7\><\D\

1(Q)-

®9gmE9ds 3.2. 3ogzom DeX,(X,8) 0o Z,NZ; =0, ZiNZy #D . ooy

15

abo 38350, MM k; = z

i=9

X babGeemo LodMsgegs @s |y s@ol By (D) Bobggo6x 29530l 439w
0093303963 7IH0 9egdgbBHIBOL LodGsgwg, 35806 I =k, +k;.
4. 58 3653658380 >afgmowos ,(X,8) 3wabol babgzs®dglggdoo

3oBLsBOgOMmo B, (D) Babyzstxanggdol  0©gd3m@gb@nco
99996900, BmEds ZiNZ, =8, Z,NZ, #D.

»gm6gds 4.1. gogzsm DeX,(X,8), ZinNZ;=0,Z,NZ,#T ©d
aeB, (D). B, (D) Bsbggstrxansol a 30bskrimo 0ds6mgds sGol
3dm399mwo bsbgzs6mHXaMBoL 000gd3mEIDGHMMO gugdgbBo 85906 o
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dbmwnE 95906, Gmas a d0bsGrmwo 80dsM0gds  53054MmB0gdL
096935 2.1-0bd s 99gR0 30MHMBYO0E gHm-gOH D!

9) ar = (V" xT) U (Y xT )Y x(TUTY)), b5SG T,T'eD,
T\T'22, T\T=2D, YY) ¢{d} ©s 5385908009396 306:mdBL:
Yo oT, Yo oT';

10) @ = (Y xT ) (¥ xT') UV x(TUT)) (Y xT7), oG
TT T'eD, T\T'2Q, T\T 23, YV Y e (D) ©o
03054mx30w9d9b 30mmdgdL: V¥ o Z,, Y T, Yo nT" = J;

13)a = (Y xZ, )U(Ye xZs ) U(Ye xZs ) U(Y, xZ,) U(Y5 xZ,) . Loog
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+2. (2‘24\27‘ _1) . 2‘(Zlmzz)\24‘ . (3‘22\21‘ _ 2‘22\21‘ ) . (3‘21\22‘ _ 2‘21\22‘ ) S‘X\D‘ +
Y (zwza\zaw _ 1) l@nza)zy _(3\zl\z2\ _ o7z ),(3\zz\z1\ _plz\z ) g*0l
n 2,(2\z4\z5\ _1),2\(zlmzz>\z4\ ,(3\zz\z1\ _9lz\z ),(3\21\22\ _zwzl\zz\),S\X\D\
gds 8.9. godzsm DeX,(X,8), Z,NZ#T. o X Laborwmo

BodGogangs, 85806 |R* (Q, )| -0 LodEszm)  gdMOMZDdS
BOOHIMOom:

R* (Q7 )| = 2.(2\25\24\ _ )( \24\25\ _1).( ‘D\ZZ‘ _4‘D\ZZ‘).5‘X\D‘ +
e 2.(2%51 1) (2 ) (524 4o 0L
b2 (g ) Z\za\m 1)(52% -5
r2-(774 1) zw 1)(5°% —d )5

wgds 8.10. 3mggom DeZZ(X,S), Z,NZ,#D. o9 X Lobeowo

LbodMogangs,  3odob |R* (Q )| -0l Lodoegz®g  2o0momM3Eds
B0OHIMOon:

|R* (Dg )| _ 2_(2\23\22\ _1).(2\24\23\ _1)_(3\22\21\ _2\22\21\)_6\X\D\ "
_’_2_(2\25\21\ _1)_(2\24\25\ _1).(3\22\21\ _lz\z )_G\X\D\
R(Q)-

®gm@gds 8.2. 3odzsm DeX,(X.8), Z,NZi#=D. oy X Lobovyero

8
053993350, O™ I, =

i=1

BodMIgEYs > R, -00 503608653 B, (D) Bobggatxamzol yggems
93O 9eq9963 900l LodMagargl, 85dob |RD| =I.

58 Bgdmbggzsdo, Gmgs  Z,NZg#D,  X,(X,8)  gawsbob
BobggoM9LgMgd0m RoblsBgOvo B, (D) Babgzs®xamagdol gzges

IR0 9gdgbBdoL  LodGsgwg  Fo®dmaygbls B, (D)

Babggomx3IBOL 306559350 XBIBL-
9. 53 35M5Mmox380 s0fgPowos T, (X,8) 3wsbol Babgzsmdgbg®gdom

pobLsbeghrwo B, (D) Bobgzatxan@gdol Gy nwstwo
99996¢900, Bmed Z, N2, =D, Z,NL,#D, ZiNZ #D.
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»ngmegds 9.1. godzsm DeZ(X.8) s Z,nZ;=D, Z,NnZ;#OD,
Z,NZ;#D. B, (D) Bobggotxansol a 30bsmr@o 80ds6ogds s6ols

939090 Bobgzstxazol Mmgammemmwo gwgdgb@o 95306 o
dbmwmnE 95906, Gmas sO®LYPMBOL @ LEHMWo A —o0DMINOGBOHBIO

V(D,a) Bsbgzsmdglghols D Bobgga®dgbg®ol Gmdgwomsg D’
d3065b935m3gLbgHbg, MHMIgeog 53059mx0wgdlL mgmmgds 8.1-0bs s
939900 dm39900 306MdJO0ED gHm-ghmb:

9) e = (Y xZ, ) U(Ye xZs ) (Y xZ, ), boag V7', Ye 2 {B} @> 5385ye-
BogdL 306mdPL: Y, 2 9(Z,), Yy 2¢(Zs);

10) & =Yy xZ, Jo(Ys xZg ) o(Yy xZ, ) (Y xT), bowog T €{Z,,2,,D},
Y)Y e { D) ©>  53859mBo@gdl  30OmdRL: Y, 2 9(Z,),
Yo 20(Zs), Y no(T)=D;

1) a =(Y7 xZ, ) (Ys xZg )U(Ys xZ, ) U(Y xT) (Y xD),  bssg
Te{Z,Z,}, Y/ XS ¢{D} @ 93859mzogdl  306Hmdgdb:
Y 20(Z,), Y 20(Zs), Y7 OYSOYSOY 20(T), Y ne(T)=d,
Yy ng(D)=D;

12) & = (Y, xZ, ) U(Yy ¥ Zg )U(Ye xZ, ) (Y xZ, ) (Y xZ, ) (Y5 D), basg
Y7 XY, Y ¢ {@} @ 9305gmBo@RL  J06HMdgRL: Y, D (0(27) ,
Yo 20(Zs), Y OYSOYSOY) 20(Z,), YUY LY UY oe(Z),
Y, Np(Z,) =D, Y np(Z,) =D,

gds 9.1. gogpso DeX,(X.8), Z,nZ, =0, Z,nZ;#OJ,
Z,nZ#2D. oy X LabBrwo bodGegangs, 85806 |R(Qy )| -ob
LOdE53MY 2OTMOMZUGOS MO0 |R* (Q )| =2.3%\%

wgds 92, godgom  DeX,(X.8), Z,nZ, =D, Z,nZ,#,
Z,NZy#=D. o9 X LobOwmwo LodGogergs, 85306 |R* (Quo )| -ob
Loz TMOMZGDdS BT O:

R*(Qy )| - 6-(4"3\2“ _gP| ).4\""3\ .

29



wgds 93. godgom  DeX,(X.8), Z,nZ, =D, Z,nZ,#,
Z,nZs#D. o X Lsbogeo bodehsgwgs, 85806 |R*(Qy)|-ob
LodE53MY 29TMOMNZEGOS MO0
R (Q11)| _ 4_(4\22\24\ _3%'\%l )~(5‘D\ZZ‘ _4‘D\ZZ‘).5‘X\D‘ N

+4_(4\zl\z4\ _3\zl\z4\)_(5\o\zl\ _4\0\21\ )_S\X\D\
gds 94 gogpso DeX,(X.8), Z,nZ, =0, Z,nZ;#OD,
Z,NZy#D. o9 X LobOwmwo LodGogegs, 35306 |R* (Qw )| -ob

LOdE53MY 2OTMOMZEGOS BMOTYO0:
R(Q,) = 4.9@n)z ( 42\2l _ g2\ )( 4%:\2l _g7%:\2 ),G\X\D\

12
©537)8350, G 1, = > [R*(Q, )| .
i—9
mgm@gds 9.2, godgse  DeX,(X.8), Z,nZ,=0, Z,nZ,#,
Z,NZ;#D. o9 X bsbOoyewo bodmsgergs s Ry -0, 503608bs3m
B, (D) 6sbggotxan@ol  yggws  Ggaa@striro  gegdghddol
bodGZgL, 85806 Ry | =1, +T,.

10. 53 3565305830 >0fgHowos T, (X,8) 3wsbol babggs®dglgHgdoo

249bLsBEzOWwo B, (D) Bobggomxamngdol MgamEs®eo
99996900, Bmed Z, N2, =D, ZiNZ,#D.

»geegds 10.1. gogzsm DeX,(X,8) s Z,nZ, =0, Z,nZ #J.
By (D) Bobg390%aMBoL a d0bsM)o J0dsOHMYds 5MHOL Bmi3gdvo

Bobgzomxamzol Mgt ymo gwgdgbBHo  95dob s dbmemo
85806, GmEd> SOLIPRMdL @ LOwo & —o0BmInGEobdo V (D, a)

Bobggo®BglgMols D Bobgzs®dglg®ol mmdgomsg D' dg9bsbgge-
dqbgm®BY, OHMIgog 930594mB0wgdl mgmegds 9.1-0ls ©s J399mom
9™ (3999900 30OHMBGIOB ghHm-gMHDU:

9) ar = (Y xT) (Y7 xT ) (Y x(TUTY)), 153 T,T'eD,
T\T'=20, T\T=0, Y.V e{d] o5 53059m530@93L 306mddL:
Y 20(T), Y 20(T');
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10) & = (Y xT)U(Y xT") O(Yp x(TUT)) U ¥ xT), Lo
TT TeD, T\T'#J, T\T 20, YYD e { D) ©o
53059m80egdl 306MmdIRL: Y 2o (T), V¥ 2(T'), Y ne(T") = dJ;
13) & =(Yy xZ, ) U(Ye < Zg ) 0¥y x Z, ) (Y, x Z,) (Y, % Z,) , bocss
Y e {D) o 9300gm@omgdl  3ommdgdl: Y 2¢(Z,),
Y 20(Z), YUYy 20(Z,), Y np(Z,)# D5

14) o =(Yy xZ, ) o(Ye % Z ) U(¥ ¥ Z, ) U (Y5 xZs) (¥ xZ,) U( Yy xD),  Lacosg
AR A A A {@} ©>  53059mBogdl  306G@dYRL: Y, D ¢(Z,),
Y 20(Zs), YUY 20(2,), Y5 ne(Z,) =D, Yy no(D) = D

15) @ =(¥ xZ, )U(Yy xZo U (Vi xZ, ) (Y xZg)u(Yy % Z,) (¥, xZ,) Yy ¥ D),
boosg Yy Y Yy Y5 ¢{B} s 5305gmz0@gdl 3ommdgdl: Y 2¢(Z,),
Y o (p(ZG) , Yo WYy o gp(Z3) , Y OY WY UY) o (p(ZZ) ,
Yy Np(Z)=D, Yy ne(Z,)#=D.

wgds 10.1. godzsoe Del,(X.8), Z,nZ, =D, ZnZ;#T. ooy X
LobiOveno bLodMogergs, dsdob
BOMOIMOm: |R* (Q )| = 4.3

gds 10.2. gogzsm Del,(X8), Z,nZ, =D, Z,NZ,#T. oy X

R"(Q, )| -0b LOAE3MY FSIMOMZEYVS

BsbEMEOo L39S, 85906 |R* (Qup )| -0l BLodEs3MY F5FMOMZERS
BOOIOoo: |R* (Q10 )| = 8-(4‘0\24‘ —S‘D\Z"‘ )o4‘X\D‘ .

wgds 10.3. gogzsom Del,(X8), Z,NZ, =D, ZinZ,#T. ooy X
R™(Qa)

BMOHIMWOm: |R* (Qs )| _ (2\23\24\ _l).S\X\Zl\ ‘
wgds 10.4. gogzsom Del,(X8), Z,NZ, =D, ZinZ,#D. ooy X

LobiOvyeno LodMsgwgs, Bs80b -0b LOdEOZMY FITMOMZEGDS

LobiOvyeno LodMmsgwgs, 3sdob |R* (Qu )| -0b LOdEVZMY FSTMOMZEGDS

ROOHINYOm: |R* (Qu )| = (2‘23\24\ _1).(6‘["21\ _gP\z ).6\“0\ )
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@gds 10.5. goggsm Del,(X.8), Z,NZ;=D, ZinZ;#D. oy X
BsbOMEo LGz gs, 85906 |R* (Qus )| -0l LodEs3MY F5FMOMZERS
oo [R (Q)|= (22" —1)- (474 —g%!). 7%

15

538350, O™ I, = z

i=9

R'(Q)-
»gm6gds 10.2. gogzsm DeX (X.8), Z,NZ, =D, ZiNZ;#D. oy X
babBymo  LodMs3wgs  ©s  Ry-00  swgbodbsgm B, (D)

Bobg3oOX3MIBOL  Y39wd HYYIOIEo  gergdgbBHgdol LodMmogargl,
85806 |Ry| =1, +1;.

11. 53 3560530580 s0fgOowos 2, (X,8) 3sbob 6sbggs®dgbyg®gdoc

249bLsBEzOWwoO B, (D) Bobggoxamngdol MgamEs®eo
99996900, OmEds ZiNZ =D, Z,NZ, #D.

»gm@gds 11.1. gogzsm DeX,(X,8) ws Z,NZ =D, Z,NZ,#J.
By (D) Bobg390x%aMBOL o 30bsHIo JodoMmmMIds sMHOL dm390vro

Bobgzomxamzol Mgt ymo gwgdgbBHo  95dob s dbmeme
85806, OHOEs ORI @ LOMo A —obmdnGxzobdo V(D)

Bobg3o639lg@ols D Bobgzemdglg®ol Gmdgwomsg D' J39bsbgzee-
gLy, OHMIgEoE 93059MBOWGRL MgmEqds 9.1-0bs s J390mm
9390990 3060HMBJO0ED gMo-gMmls:

9)a:(YT“ xT)u(YT”,‘ xT')u(YT”‘UT,x(T uT’)), Los@sG T,T'eD,
T\T' 20, T\T=J, Y'Y ¢{D} @ 53859m830dl 306:0md9dl:
Yy 20(T), Y 20e(T');

10) & = (Y xT)u(Y xT") O(Yp x(T UT)) U ¥ xT”), BosG
TT' T"eD, T\T'2J, T\T=0J, Y7 YE Y e { D) ©>
53059m80egdL 306mdgRL: Y 2o (T), V¥ 2(T'), Y ne(T") = ;
13) a = (Y % Z, )U(Ye xZ ) U(Ye % Zs ) U(Y, % Z,) U( Y5 % Z,) , oo
YOS 2 {D) o 9300ygm@omgdl  3ommdgdl: Y. 2¢(Z,),
Y 20(Z), YUY 20(Z), Y no(Zs) =D .
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14) o =(Yy xZ, ) U(Ye % Zg )oY xZy )oYy xZ,) (Y5 xZ,) (g xD),  Lasg
YIS YY) (D) @ 9305gmzoergdl  3ommdgdl: Y 2¢(Z,),
Y 20(Zs), Y7 OV 20(Z5), Y& np(Zs) =D, Y ne(D) =D

15) @ =(¥; xZ, )U( Yy xZg U (Ye x Zg)U( ¥y xZ, ) (Y % Z, ) (¥, xZ,) oYy x D),

boos VY XS Y ¢{@) @ 938sgmzoeegdl  3o®mmdgdl: ) 2¢(Z;),
Yo 20(Zs) Y7 OYS 20(Zs), YUY UV U op(Z), Yo ne(Z)=D,
Y no(Z,)=D.

@gds 11.1. godgse Del,(X.8), Z,NZ =D, Z,nZ,#T. ooy X

R"(Q, )| -0b LOdE3MY FSIMOMZEYVS
BOOIMOm: |R* (Q )| =4.3%%
@gds 11.2. goggsm Del,(X8), ZgNZ =D, Z,NZ;#T. oy X

LobiOveo bLodMogergs, dsdob

BsbEMEOo L39S, 85906 |R* (Qu )| -0l BLodEs3MY 35FMOMZEDS
BMOINOm: |R* (Qo )| = 8.(4‘0\2"‘ _ g0l ).4‘“5‘ _

wgds 11.3. gogzom Del,(X,8) ZnZ =D, Z,nZ,#D. oy X
R™(Qa)

BMOHIMWOom: |R* (Qs )| :(2\25\24\ _1).5\xxz2\ ‘
@gds 11.4. goggoo DeX,(X,8), Z,NZ; =D, Z,NZ, #D. oy X

LobiOvyeno LodGMagegs, dsdob -0b LOdEVZMY FITMOMZEGDS

LabETIEO LodGsgengs, 35806 |R™(Q,, )| -ob Lodwsghy 3sdmomgeyds
goedwoo: [R'(Q,) =(2%"* —1)-(6‘“"22‘ —5‘“"22‘)-6‘”" .

@gds 115. goggsm Del,(X8), ZgNZ =D, Z,NZ;#T. oy X
LsbEMEOo L39S, 85906 |R* (Qus )| -0l BLodEs3MY F5MOMZEDS

BMOHIMWOm: |R* (Qs )| = (2‘25\21\ _1).(4\21\22\ _3\21\22\).

15
©03998935m, ™I I, = Z|R (Q )| .
i

»ga6yds 11.2. goggsm Del,(X.8), ZoNZ =D, Z,NnZ;#D. ooy X

7‘X\D‘

LabBmwo  bodMoggs @  Ry-om  owgbodbsgm B, (D)
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Bobg35MxRANBOL  g3g@s MY IHNo  grgdgbBgdol Lodmogargl,
85806 |Ry| =1, +T1,.

12. 58 3565365830 >afigMowos =, (X,8) 3sbol babggzs®dglg®gdom
3oBLsbezdmmo B, (D)  Babgzatxansgdol  Ggamers®aeo
99896900, Omgs ZiNZ, =D, Z,NL, =D, Z.NZL, #D .

ngmegds 12.1. godgsm DeX,(X,8) s ZgNZ, =0, Z,nZ,=J,
Z,nZ, #D. B, (D) Bsbggscxansol @ dobst¢mo 8035600905 560l

939090 Bobgzsmxazol MHgame®eo gagdgb@o  3s30b o
dbmermE 95906, OHMEs sOLYPMBL @ LEWWwo & — 0BMIMOHROBIO

V(D,a) Bbsbggsmdglghols D Bsbgga®dgbg®ol Gmdgmomsg D'
J3969b93sm8qLgM%Bg, MHMIgEroE 953059MmBOEdL MgMmMgds 9.1-0ls s
939000 dm3789mo 3063930 sb gHo-gMml:
9) ar = (Y xT) U (Y xT )Yy x(TUTY)), b5SG T,T'eD,
T\T'#J,
T\T =D, Y Y e{d] o 5309m80madl 3o6mdgdl: Y 2¢(T),
Y 20(T');
10) & = (Y xT)U(Y* xT") O(Yp x(TUT)) U( Y2 xT"), Lo
TT TeD, T\T'#J, T\T 20, YYD e { D) ©>
53059m80egdl 306mdgRL: Y 2o (T), V¥ 2(T'), Y ne(T") = ;
13) e = (Y xT) UV xT) O x(TUT)) U(Yee xT") (Y5 % Z, ),
boesg T, T'T.Z2eD, (TuT)cz, T'cT'cZ, T\T'#d,
T\T=20, (TUT')\T"#4, T\TUT)2D, YO YI. Y5, e{D}
53059mx0egdl 30mmdgdL: Y 2¢(T), Y7 20(T'), YUY 2p(T"),
Yo ne(T") =D,
1) a = (Y7 xT )Y xT ) (¥, xZ, ) (Y x Z) (Y5 x 2" )oYy x D),
bosg T.T7.2, Z2'eD, ze{z,z,}, 72'€{Z,,2,}, Z,cZ' <D,
T'czczZ', T\T'#0, T\T=0, Z\2+J, Z\7,#J,
YOI Y (D) 0 938sgmz0omgdl  306mdgdl: Y 2¢(T),
Y 20(T'), YUY 20(2), Y np(Z2) =D, Y (D)= 2.
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15) @ = (¥ xZ Ju( xT U (Y xT) UV xZ, oY, x(T"0Z,)) (Y xZ) u(% xD)
bssg T T.T".ZeD, T'e{z,z), TcT', TuT'=Z,
(T'uz,)uzZ=D , T\T'2Q, T\T=@, T\Z,20, Z,\T"20,

(TUZNZ#@,  Z\T'WZ)#@,  YYYLYeld) o
230908000 J06mbodl: Y oe(T),  Yioe(T),
YO 20(T"), WOWOYSUY 20(Z),  Yine(T") =D,

Ve np(2)2D.

g8 12.1. googgom Del,(X,8), ZgNZ, =D, Z,NZ, =D, Z,NZ, #D.
o X Lbemewo  bodGogargs, 95306 |R* (Q, )| -0l bodEszcy
2399M0mM3¢gd5 BMOTMWOD: |R* (Q )| =637,

@05 12.2. god3so DeX,(X8), Z,NZ =D, Z,N2, =D, Z,NZ, =D .
o X Lsbenmo bodGmogmgs, 85806 |R* (Qu )| -ob  LodsgMy
23900003905 BMEOIMOom:

R (Qy)] =10-(4” A

gds 12.3. godgeo Del,(X8), ZgNZ, =D, Z,nZ,=D, oy X

LolmeEro LodMogEgs, 35306

R"(Qy )| -0l BLodEs3MY F5FMOMZEDS
BOOHINYE0m: |R* (Qs )| = 2~(2‘Z3\Z"‘ —1)~5‘X\Zl‘ +20(2‘Zs\z"‘ —1)'5‘)(\22‘ .
@05 12.4. gogzom Dex,(X.8), ZgNZ, =D, Z,nZ, =D, Z,.nZL, #D.
o X Lsbenmo bodGmogmgs, 85806 |R* (Qu )| -ob  LodogMy
2350003905 ZNEOIMOom:
R* (Q14 )| _ 2'(2\23\1,\ —1)-(6‘0\21‘ _s\o\zl\)_dxm\ +

+2.<2\zs\24\ _1)_(6\0\22\ —S‘D\ZZ‘)-G‘X\D‘

gds 125. godgso Del,(X.8), Z,nNZ; =D, Z,nZ,=T, oy X

LobiOvyeno LodMmsgwgs, 3sdob |R* (le )| -0b LOdEOZMY FSTMOMZEGDS
ROHIMEOm:
R* (Q15 )| _ 2_(2\23\22\ _1)_(4\22\21\ _3\22\11\).7\X\D\ +

+2.(2\zs\zl\ _1).(4\21\22\ _3mz| )'7\x\o\
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15
©537)8350, G I, = Y [R*(Q, )| :
i=9
mgn@gds 12.2. goggom  Dex,(X8), Z,NZ,=C, Z,nZ,=0,
Z.NZ, 2D . o) X LabGwemo bodcmsgmgs ©s Ry -om 9036086530

By (D) Bsbggsdxamsol  g3g@s  Gganesdvo  gagdgb@gdol
LodEogqgl, 35306 |RD| = +r.

13. 58 3565365830 >afigMowos ,(X,8) 3sbol babggzs®dglg®gdom

245bLoBEgOHWMwo B, (D) Bobg3om%AMBIOOL  HgYMEME0
99996900, BmEds ZNZ; =D.

ogm6gds 13.1. godgoo DeX,(X.8) s Z;nZ,=D. B, (D)
Bobggzotxamzolb o  dobstrmewo  Fodsmmgds oMol ImEgdmeo

Bobgz9Mmx R0l MHYaMwsdMmo gagdgbdo 85906 s Tbmerm
85806, GmEs LY @ LEMo & —o0bmImOBobdo V(D,a)

Bobg3o639lg@ols D Bobgzemdglg®ol Mmdgwomsg D' J39bsbgzee-
dqbgmby, OHMIgog 93059Mmx0wgdl mgmemqds 12.1-0bs ©s J39dmom
9390990 3060HMBJO0D JOHo-gMmls:

9)a = (Y xT)U(Y xT")U(Yy . x (T UTY)), Bo©SG T,T'eD,
T\T'2@0, T\T=20, Y'Y e{d] @5 53059mz30dl 306Hmdgdl:
Y 20(T), Y2 20(T');

13) = (Y xT) UV xT) UV x(TUT)) U(Ye xT)U(Y; xZ, ), bodg
TT.T"ZeD, (TuT)czZ, T'cT'cZ, T\T'20, T\T=g,
(T UT’)\T" #@0,  T\(T UT’) 0, YO XY ¢ {@} @5 53059mx0wwgdl
306mdYOL: Y7 20(T), Yi 20(T'), Y OYSE (T,
Y2 ne(T) =D,

16) @ =(Yy' xZ, )oYy xZg) UV xZg ) (Y, XZ,) (Y5 xZ,) U ¥y xZ, ) (Y xZ,) (Y5 D),
Lsss YL YL YSYY 2{D) @ 93059mBogdl  306mdgdUL:
Y 20(Z,), Yeoe(Z), YUY oe(Z),  YEUYS oe(Z,),
Y no(Z,) 2D, Y no(Z,) = 2.
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wgds 13.1. goggom DeZ,(X.8), Z;NZ,=T. o X Lobovyo
Bod®agangs, 85806 |R* (Q, )| -0l Lodsz®y  gadmomZzEgds
BOOIMOm: |R* (Q )| =8.3\%

gds 13.2. goggom DelX,(X8), Z,nZ,=T. oy X LabOweo
BodGogangs, 85306 |R* (Qus )| -0 LodwsgMy  gddMOMZEGdS
BOOHIMOom:

R’ (Q13 )| _ 4.(2\23\24\ _1),5\X\Zl\ +4,(2\Zs\za\ _1),5\“22\

wgds 133. goggom Del,(X8), Z;nZ,=T. o X Lsbovyo

LodGmogErgs, 35806 |R* (Qus )| -0l Lodeoghy  90m0m3Egds
B0OHIMOom:

R* (Q16 )| = 2.(2\25\21\ _1).(2\23\22\ _1)'8‘X\D‘

16

©53773350, G 1, = > [R™(Q, )| .
i

»ga6gds 13.2. godzsom Del,(X.8), Z;NZ,=T. oo X Labdrewo

BodMs3gs ©s Ry -0m 50360865300 B, (D) Bobgzsdxamzol ygzgews
93O 9eqd96EH 900l Lodmagargls, 85dob |RD| =0n+r.
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ACTUALITY OF THE TOPIC

The semigroup theory is one of the actively developping areas of
modern algebra. It has close relationships with diverse mathematical
disciplines among which are differential geometry, functional analysis,
graph theory, theory of algorithms, abstract automata theory and others.

In the semigroup theory quite a number of profound results are connected
with a semigroup of binary relations. These results include the generalized
Kelly’s theorem, Zaretski’s theorem on the definition of a semigroup of
binary relations by densely embedded ideals, Shaik-Maccenzi’s theorem on
an exact transitive representation of any semigroup by binary relations, also
the results of Schwartz, Tamura, Clifford, Butler and other well known
scientists.

Since any semigroup can be isomorphically embedded into some
complete semigroup of binary relations defined by complete
X —semilattice of unions, when investigating subsemigroups of a
semigroup we generally study semigroups. Besides, idempotents,
unilateral units, irreducible and external elements of semigroups play an
exceptionally important role in the study of the abstract properties of
semigroups.

Difficulties encountered in studying semigroups of binary relations
arise because of the fact that they are not regular as a rule, which makes
their investigation technically problematic. So we think it interesting to
carry out a systematic study of semigroups of binary relations and their
most important classes using complete X — semilattices of unions, which
used first by one of the authors Yasha Diasamidze in his doctor
dissertation. It is this new direction, we can describe it in a few words as
follows.

Let X be an arbitrary nonempty set, D be an X — semilattice of
unions, i.e. a nonempty set of subsets of the set X that is closed with
respect to the set-theoretic operations of unification of elements from D,
f be an arbitrary mapping from Xinto D. To each such a mapping

f there corresponds a binary relation «; on the set X that satisfies the
condition a, = U ({X}x f(x)). The set of all such o, (f:X —D) is
xeX

denoted by B, (D). It is easy to prove that B, (D) is a semigroup with

respect to the operation of multiplication of binary relations and we call it
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a complete semigroup of binary relations defined by an X — semilattice of
unions D .

2( X, m) is the class complete X — semilattices of unions whose every

element have the power m. Let D,D,,..,D, are any complete

n

X — semilattices of unions of the class £(X,m) for which D, and D ; are
not isomorphic (1<i#j<n). X (X,m) is the class complete
X —semilattices of unions whose every element is isomorphic to some
fixed semilattice D, (1<k<n) which has the power m.

By using the complete X - semilattices, the study of complete set
B, (D) of all a binary relation semigroups and spreading of the results are

highly supported by Sh. Makharadze. The schientific degrees in this
direction were successfully defended by Z. Avaliani, G. Partenadze, O.
Givradze and N. Rokva, also the degree of mathematical academic doctors
were defended by D. Ieshil and B. Albayrak in the republic of Turkey.

GOALS OF THESIS

The main aim of the dissertation work is the studying of the abstract
properties of such complete semigroups of binary relations, which are
defined by the complete X — semilattices of unions of the class £, (X,8).
The research subject is as the complete X — semilattices of unions of the
class %,(X,8), as well as the the complete X — semilattices of unions
defined by the given semilattices, because these kind of semilattices, as
the researches show, keep a significant information with regard to those
complete semigroups of binary relations, which they define.

SCIENTIFIC NOVELTY OF THESIS

In the present dissertation work firstly are considered the classes of
such complete semigroups of binary relations B, (D) , which are defined
by the semilattices of the class X,(X,8). There are investigated the

characteristics of semilattices of the given class in compliance with an
appropriate diagram.

When X is a finite set, there are deducted the formulas for counting
semilattices of the class¥,(X,8). There are described the idempotent

elements of semigroups B, (D) defined by each semilattice D of the
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class %,(X,8) and when X is a finite set, there are deducted the

formulas for counting idempotent elements. There are also described the
maximal subgroups of semigroups B, (D) defined by semilattices of the

class EZ(X,S). In addition, there are described the regular elements of
semigroups B, (D) defined by each semilattice D of the given class and

when X is a finite set, there are deducted the formulas for counting
regular elements.

The studying of the above-mentioned issues is based on the properties of
the complete X — semilattices of unions. It turned out that the studying of
the semigroups classes by this method is very effective. The results
obtained in the present work give us the opportunity to talk about on the
multiple properties of the given semigroup on the basis the diagram of
semilattice defined by this semigroup. In particular, whether the
semigroups has right units, and how it is built its idempotent and regular
elements, maximal subgroups, etc.

BASIC METHODS OF INVESTIGATION

As is well known idempotent elements of a semigroup, one-sided
units, regular elements, maximal subgroups play an important role in the
investigation of the abstract properties of semigroups. Therefore, during
the studying of the classes of complete semigroups of binary relations a
great attention is paid to the studying of the above-mentioned issues in a
semigroup.

The studying of the characteristics of the semigroups in the
dissertation work is carried out by means of the properties of the
semilattices. An important part of the abstract properties of the complete
semigroups of binary relations is basically determined by such X -
Semilattices of unions, which define the elements of the given class.

In the present work, there are used set theory, semigroup theory,
semilattice theory, and the general method of combinatorics.

THE PRACTICAL AND THEORETICAL IMPORTANCE OF THE
THESIS

The dissertation is mainly theoretical. The results of the work can be
used for investigating semigroups and semilattices in future.

44



GENERAL CHARACTERIZATION OF THESIS

The dissertation work consists the introduction, 3 chapters, 18
paragraphs and 7 appendix. The total capacity of the present work is
composed by 329 pages.

Chapter I. Subsemilattice of The Semilattice Class X, (X,8).

In this section class of 3,(X,8) is defined, when X finite set is
obtained and the formulas for given class semilattices quantity is shown,
also here the semilattices of class ZZ(X,S) and separated
Xl subsemillatices are shown.

Let X #@. By the symbol X,(X,8) we denote the class of all
X —semilattices of unions whose every element is isomorphic to an
X — semilattice of form D:{Z7,ZG,ZS,Z4,Z3,ZZ,21, Ij} , which shown in
Figure 1.

mtD%H%%Agggﬁkcwyﬁ%%%%%%ﬂﬂ}ma

family sets, where P, B, R, Py, B, B,, B, By are pairwise disjoint

2,2252,252,2, D
PRPRPRP AR

semilattice D into the family sets C(D), then for the formal equalities of

subsets of the set X and v =[ ] is a mapping of the

the semilattice D we have a form:
D=RURUP,URUP,URUPRUP,
2, =P UR, URUP, URUR UP,
Z,=PbURUPRUP,URUR U
Z; =P uR, UP,UR,UP, UP,

2, =PpUPR,URURUPR
Zs=PRhVRURUPRURUPR
Zg=PRURUP

Z; =R UPRUPR

Figure 1.
here the elements B,P,,P;, R, are basis sources, the element By, P, F;, P,

are sources of completenes of the semilattice D . Therefore |X|>4 and
o=4.
Lemma 1. Let DeX,(X,8), |[2,(X,8)[=5 and [X|>5>4.If X bea

ﬁmmsaAhals=%{@—48"+67“—46"+9)
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Now let’s describe Xl subsemilattices of X, (X ,8) class. There are 6
cases:
1) 2,2 #D; 2) 2,2 =D, Zy 23 %D, ZgNZs =D ;
3)Z,NZ3=0, 2y "Zs #D; 4) Zg NZs =D, Z; N2y # D
5)Z,NZ3=0, ZeNZs =D, ZsNZ3 2D ; 6) ZsNZ3 =0 .
That is why for each case, subsemilattices of given XI class is discussed
separately.

Lemma 2. Let DeX,(X,8) and Z;nZz#J, then the following sets

exhibit all XI — subsemilattices of the considered semilattice D :

D{D} {21} {25} {Za} {Z4} {25} {Z6}.{Z;} (see diagram 1 of the fig. 2);
{27'25} {Z7, }'{27122}'{27121}1{27'D}’{Ze’z4}v{zelzs}'{Ze’zz}’
{ze,zl} {26,D}.{Z5,2,}{Z5,D} {24.2,} {24.2,} {24, D} {23, 23},
{Z5,D},{Z,,D},{Z,,D} (see diagram 2 of the figure 2);

3) {27,25.2,},{27,25,D}.{27,2,.2,}.{2;.24,2,}.{2,.2,,D}.{Z;,2,,D},
{27,2,,D}.{Z6,24.2,},{Z6,24,D},{Z5.24,2:}.{Z5.2,.D} {Z5. 25, 7.},
{Z5,25,D},{Z5,2,,D},{Z5,2,,D}.{Z,,2,,D},{Z,,2,,D},{Z;,2,, D}
(see diagram 3 of the figure 2);

4) {2,.25,2,,0},{Z;.2,,2,,D},{Z;.2,,2,,D},{Z5,2,,2,,D}.{Z5,2,.2,, D},
{Z5,25,2,, D} (see diagram 4 of the figure 2);

5) {27,25,24.2,},{27,25,21,0}.{Z7,2,.21,D}.{Z4,24.23,2,}.,{Z5.23,2,. D},
{ZG,ZZ,Zl,D} Z,,2,,Z,, }(see diagram 5 of the figure 2);

6) {Z7,24,25.2,,0},{Z5.24,2,.2;,D} (see diagram 6 of the figure 2);

7){27,25.24,2,,0},{Z6,24,25,2,, D} (see diagram 7 of the figure 2);

8) {Z7,25.24,25,2,,D}.,{Z4,2,,23,2,,2,, D} (see diagram 8 of the fig. 2).

Lemma 3. Let De3,(X,8) and Z,nZ;=0, Z,NZ3#D, ZgnZs#D,

then semilattices from the lemma 2 and the following sets exhibit all
XI — subsemilattices of the considered semilattice D :
9) {Z,,Z,,Z,} (see diagram 9 of the figure 2);
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10){2,.24,2,,2,},{2,.25,2,,2,} {Z;,Z5,2,,D} (see diagram 10 of the
figure 2);

11){2,.2,.2,.2,,0}.{Z,.2,,Z,,Z,,D} (see diagram 11 of the figure 2);

12) {Z7,ZG, Z,,2,,Z, D} (see diagram 12 of the figure 2).

Lemma 4. Let DeX)(X,8) and Z,NZ;=0, ZgnZ;#J, then

semilattices from the lemma 3 and the following sets exhibit all
XI — subsemilattices of the considered semilattice D :
9) {Z,,25,2,}.{Z,,Z,,Z,} (see diagram 9 of the figure 2);

100{2,,24,2,,2,},{Z;,24. 24,2} {Z,,Z,. 2, 5},{27,23,21, D}

(see diagram 10 of the figure 2);
13){2,,Z5,2,,Z,,Z,} (see diagram 13 of the figure 2);

14){2,,2,,2,,2,,2,,D} (see diagram 14 of the figure 2);
15){Z,.2,.2,,Z,Z,,Z,, D} (see diagram 15 of the figure 2).
Lemma 5. Let DeXy(X,8) and ZgnZs;=9, Z;nZ;#, then

semilattices from the lemma 3 and the following sets exhibit all
XI — subsemilattices of the considered semilattice D :
9){Z,.2:.2,}.{Zs.Z;,Z,} (see diagram 9 of the figure 2);

10){2,.24.2,,2,}{2;,.25.2,.2,} {Z,.2,.2,,D} { Z.Z,,Z,,D}

(see diagram 10 of the figure 2);
13){2,,24,2,,2,,Z,} (see diagram 13 of the figure 2);

14) {27 Lo Zo,2,,Z,, D} (see diagram 14 of the figure 2);
15) {Z7,ZG,Z5,Z4, Z,,Z, Ij} (see diagram 15 of the figure 2).
Lemma 6. Let DeX,(X,8) and Z; NZ;=0, ZgnZs=D, Z,nZ,#J,

then semilattices from the lemma 4 and from the lemma 5 exhibit all
X| — subsemilattices of the considered semilattice D .
Lemma 7. Let DeZZ(X,8) and Z;NZ;=4, then semilattices from the

lemma 6 and the following sets exhibit all Xl — subsemilattices of the
considered semilattice D :

9){Z7,ZG,ZA},{Z7,Z3,21},{ZG,ZS,ZZ},{Zs,Zg,f)}(see diagram 9 of the
figure 2);
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18){2,,2,,2,,2,,2,},{2,. 24,25, 2,,2,} | 24,2, 2,,2,,0} {2, 2,,2,,Z,, D}
(see diagram 13 of the figure 2);
16){2 Z.,2.,2,,2,,2,,Z,, D (see dlagram 16 ofthe figure 2).

T uT”
T” ,
T - T” T4 T" T'UT" Z uT
I T”
[ ]
T T T T T
1 2 3 4 5
T/r D D
TeT §TUT $7 2897, TUTY
Zy Z,
T T T ' 6 &7 Z6 Z7 T
9 10 11 12 13
Figure 2.

Chapter II. Idempotent Elements. In this section gives full description of
idempotent elements of the semigroup B, (D) which are defined by

semilattices of the class X, (X,8). When X is a finite set, the formulas

are derived, by means of which the number of idempotent elements of
the semigroup is calculated.
Assume that DeZz(X,B), By the symbols Q (i :l,2,3,...,16) we

denote the following sets:
1) Q ={T}, where T €D (see diagram 1 of the figure 2);

2) Q,={T,T'}, where T,T'eD > T T’ (see diagram 2of the fig. 2);
3) Q={T.T'T"}, where T,T'.T"eD > T<T'<T" (see diagram 3 of
the figure 2);
4) Q, ={T,T',T", f)}, where T,T'"T"eD @ TcTcT'c (see

diagram 4 of the figure 2);

5) Q={T.T'T"T'UT"}, where T,T'T"eD, TcT', TcT" @
T\T"#J, T'\T'#Q (see diagram 5 of the figure 2);

6) Q ={T.2,,2,Z',D}, where Te(Z,2}, 2,2'€{2,.2,}, 2#Z’
and Z\Z'# O, Z'\Z = (see diagram 6 of the figure 2);
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7)Q ={T.T,T"T'UT",D}, where T,T'T"eD, TcT', T<T” and
T\T"=, T"\T' = (see diagram 7 of the figure 2);

8) Q={T.T7'.2,,2,0T"Z,D}, where Te{Z,Z}, T'e{Z,Z},
TcT', Z,UT,2e{Z,2)}, Z,0T'2Z, T\, 2D, Z,\T'#D

and(Z, UT'\Z =&, Z\(Z,UT')#D (see diagram 8 of the fig. 2);

9) Q, :{T,T',T UT'}, where T,T'eD, T\T'z@, T'\Tz20 o
TNT' = (see diagram 9 of the figure 2);

10) Q, ={T,T",TUT'T"}, where T,T'T"eD, (TUT')cT", T\T' = J,
T'\T 2 and TNT'=J (see diagram 10 of the figure 2);

11) Q, ={Z;,2,,2,,Z,D}, where Ze{Z,Z,} and Z,nZ =0 (see
diagram 11 of the figure 2);

12) Q, ={27,ZG,ZA,ZZ,21,I5}, where  Z,nZ,=0 (see diagram 12 of the
figure 2);

13) Qs ={T,T',T uT',T",Z} , where T, T'T"ZeD, (T uT')CZ ,
T'cT'cZ, (TUT'©\T"#@, T'\(TUT')#Q and TNT"=@ (see diagram
13 of the figure 2);

14)Q, ={1.1"2,2,Z, D}, where T,T7.2,2'eD, T,T'e{Z,,Z},
T=T', Z,cZ'cD, T'czZcZ', z\2#@, Z\7,#2 and
TNZ =2 (see diagram 14 of the figure 2);

15) Q, ={T"T.2,7".2T"0Z, D}, where TT'e{Z,Z}, T=T', TcT,
T'e(z,2,}, z,cz, (T"0Z,)uZ=D, T\7,2@, I,\T"20,
(T"UZN\Z =D Z\(T"UZ,)# D and T'NT" =D (see diagram 15 of
the figure 2);

16) Qg :{27,26,25,24,23,22,21,[3} , where Z,nZ, =0 (see diagram 16

of the figure 2).
Before describing the idempotent elements of the given semigroup
B, (D), first we will derived the necessary and sufficient conditions of

existence of semigroup right unit and when X is finite set, the calculation
formula is received.

Lemma 8. Let D={Z;,Z,25,2,,25,2,,2;,D} be XI - semilattice. The

binary relation « has a quazinormal representation of the
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forma =(Y0”‘ x lj)uU(Yia xZi), where Y)Y, YS Y, ¢ {D}, is a right unit
i=1

of the semmigroup B, (D), iff the binary relation « satisfies the

following conditions:
Y 2Z,, Y 2Z, YUY DZ,, YUYy D27,
YINZ, 2D, Y N2, #D.

Lemma 9. Let DeX,(X,8), Z,nZ, =2 and E{’(D) be the set of all

right units of the semigroup B, (D). If X is a finite set, then the
Eg(r) (D) _ (2‘25\21‘ _1).(2‘23\22‘ _1),8

1. In this pharagrap gives description of idempotent elements of the

X\b\

following formula is true:

semigroup B, (D) which are defined by semilattices of the
class %, (X,8), when Z; nZg # .
Theorem 1.1. Let DeX,(X,8), Z; nZg =& and « € B, (D). The binary

relation « is an idempotent relation of the semigroup B, (D) iff the binary

relation « satisfies one of the following conditions:
Da=XxT,where TeD;

2) a =Y xT)u(¥xT’), where TT'eD, T<T' YY" ¢ {3} and satisfies
the conditions: Y, T, Y/ NnT' #J;

3) a =(YT“ XT)U(YT”,‘ xT')u(YT'f ><T") , where T,T'T"eD, TcT'cT",
Y YS Y e {5} and satisfies the conditions: Y 2T, YUY T,
YoNT' #D, YO nT"#D;

Ao = (Y xT)U (Y xT') (¥ xT")U(Yy < D), where T,T'T"eD,
TcT'cT"cD. Y5 Y5, Y5,YS {2} and satisfies the conditions:
Yo oT, YUY 2T, YUY Ui oT", YT #0, Y2 NT"# D,
Yoy "D =,

5) a =Y xT) U (Y x T YU (Y xT ) O (Y xT'UT), where
TT.T"eD, TcT', TcT’, T\T'20, T'\T' 23, Y2, Y2,Y3 ¢ {2}
and satisfies the conditions: Y,” UY 2T, YUY oT", Yy NnT'#J,
YENT 20
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6) a:(YT" xT)u(Yf xZA)u(YZ"' xZ)u(Yz“f xZ')u(YO" X Ij) , where

Te(z,Z), 2,2'e{2,,2,},2#2', Z\Z' %@, Z\Z#Q,
YEYSYS Y, e (@) and satisfies the conditions: Y, 2T, Y LY, ©Z,,
Y OY, uY, o7, Y OY[ uY, o7,

YiNZ,#D X7 NZ, #D,Y;. NZ'#D,;

7) =Y xT )oY xT) O xT") O(Yyp x(T"OT ")) u(Yy D),
where T,7'T"eD, TcT', TcT", T\T'2g, T"\T';tQl
Y2 Y YY) ¢ {D) and  satisfies the  conditions: YouYyT oT',
YOV T Y AT 2D, YT 23, Y "D=2D;

8) o= (Y xT )u( Yy T U (Ys xZ, ) (¥, %(T'0Z,))U(Yy xZ ) (¥ xD),
where TE{Z7,ZG}, T'E{Z5,ZB}, TcT' Z,0T, Ze{Zz,Zl}, Z,UT'#Z,
TN\Z, 2D, Z,\T' 2D, (Z, UTN\Z 23,Z\(Z,UT")# D,

Y YE Y)Y, ¢ {@) and satisfies the conditions: Y, LY ST, Y LY, o2,
YUY OYE 2Z, Y AT 2B, X NZ, 2D, Y NZ =D ;

Lemma 1.1. Let DeX,(X,8) and Z, nZg =@. If X is a finite set, then
1 (Q)|=8.

Lemma 1.2. Let DeX,(X,8) and Z, nZg =@. If X is a finite set, then

the number

1" (Ql)| can be calculated by the formula

the number

|*(Q2)‘:(2\D\21\_1)_2\X\D\+(2\D\Zz\ _1).2\X\D\+(2\D\Za\_1).2\X\D\+(2\D\ZA\_1).2\“%
+(2\D\Zs\_1),2\X\D\+ 9Pz _q).olx10) +(2\D\Z7\_1).2\X\D\+(2\21\Zz\_1).2\X\21\ n
+(2\z1\z4\ ~1)-2 +(2\z1\ze\ _1).2\X\z1\ +(2\z1\z7\ _1).2\X\z1\ +(2\ZZ\ZA‘ ~1)- 2%
+(2\zz\z5\ _1) oz +(2\zz\za\ _1).2\X\zz\ +(2\zz\z7\ _1).2\X\zz\ +(2\z3\za\ _1).2\%\ +
+(2\zuz5\ _1).2\X\za\ +(2\z4\z7\ _1).2\xm\ +(2\z5\z7\ _1).2\X\z5\

Lemma 1.3. Let DeX,(X,8) and Z; nZg =& . If X is a finite set, then

I"(Q, )| can be calculated by the formula:

the number

1"(Q )| can be calculated by the formula
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|| (Q,) 2\21\23\ 1 (3\D\Zl\_2\D\Zl\).3\X\D\ (z\zl\za\_1).(3\0\21\_Z\D\Zl\).3\X\D\+
+(2\Zz\24\ 1) (3\0\22\ 2\'3\22\) ol (Z\Zz\zs\ _1).(3\0\22\_Z\D\Zz\),g\X\D\+
+(2\21\Za 1) (3\'3\21\ Z\D\ZJ) ol (2\2 2\Z| 1 (3\D\Zz\ Z\D\Zz\) 3ol
+(2\Za\zs\ 1) (3\D\Ze\ Z\D\Zs\) 30l (2\24\26\ 1 (3\D‘24\ 2\0\24\) 3ol
+(2\Zl\zv _1) (3\0\21\ Z\D\Zl\) gl (2\22\27\ 1 (3\0\22\ Z\D\Zz\) gl
+(2\ZA\27\ 1) (3\0\24\ oIz | gx\of (2\25\27\ 1 (3\0\25\ Z\D\Zs\) gl
+(22 1) (35181 - 92} gl (222l _q). (312 g2 ). g2l
+(2\znzs\ 1) (3\z A2l _ o2, \24\) gl (2\24\27\ 1) (Swznm_zwznz,.\),g\mzl\ .
#(20 ) (g ) gL (g ). (3 g g
Lemma 1.4. Let DeX,(X,8) and Z; nZg #Q. If X is a finite set, then
the number |I "(Q) |can be calculated by the formula

1°(Qu) = (227 -1)-(3% _zwzz\zsw).(4\mzz\ _3\mzz\). PaC

(25 ). (37 g ). (405 g0 .4

) )
+(2\24\Z7\ _1) \Zl\ZA\ \21\24\) 4‘D\Zl‘ _3‘D\Zl‘) ‘X\D‘ +

) -

) -4

+(2\za\zs\ _1) \zz\z4\ 0l22\24| (4\D\zz\ _S\D\zz\ ‘X\D‘ +

[D\zy] \X\D\ n

_;’_(2‘24\26‘ _1) 3‘21\24‘ 2‘21\24‘ (4‘D\Zl‘ -3
_'_(2\23\25\ _ ) 3\21\23\ z\zl\za\ (4\0\21\ _3\0\21\). ‘X\D‘

Lemma 1.5. Let DeX,(X,8) and Z, n"Zg =D. If X is a finite set, then

1" (Qs )| can be calculated by the formula

1" (Q, )| - 3.(2\22\21\ _1).(2\21\22\ _1).4\“'3\ +(2\Zs\24\ _1).(2\24\25\ _1).4\“22\ +
+(2\Zs\21\ _1).(2\21\25\ _1).4\’(‘0\ +(2\24\z3\ _1).(2\23\24\ _1).4\X\Z1\ "
+(2\Za\zz\ _1).(2\22\23\ _1).4\’(‘5\

Lemma 1.6. Let DeX,(X,8) and Z; nZg =@ . If X is a finite set, then

the number |I (O )| can be calculated by the formula
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| (Qs )| _ (2\24\27\ _1)'2\(zmzz)\24\ _(3\z1\zz\ _2\21\22\).(3\22\21\ _2\22\21\).5\><\D\ "
+(2\24\zs\ _1)_2\(zlmzz)\24\ .(3\21\22\ _2\z1\zz\)_(3\zz\zl\ _2\22\21\ )~5‘X\D‘
Lemma 1.7. Let DeX,(X,8) and Z, nZg =@ . If X is a finite set, then

the number

I"(Q )| can be calculated by the formula
I* (Q7 )| _ (2\z4\z5\ _1)'(2\25\24\ _1)'(5‘D\Zz‘ _4‘D\ZZ‘).5‘X\D‘ 4
+(2\z3\zA\ —l)'(Z‘ZA%‘ _l>.(5‘D\Zl‘ _4\5\21\).5\><\D\

Lemma 1.8. Let DeX,(X,8) and Z; nZg =@ . If X is a finite set, then

the number

|* (Qs )| _ (2\23\22\ _1).(2\24\23\ _1).<3\zz\zl\ _ 2\22\21\)'6‘X\D‘ +
+(2\zs\zl\ _1).(2\24\25\ _1)_(3\22\21\ _2\22\21\)'6\)(\0\

1"(Q)-
Theorem 1.2. Let DeX,(X,8) and Z; nZg = . If X is a finite set and
I, is a set of all idempotent elements of the semigroup B, (D), then
INELY

2. In this pharagrap gives description of idempotent elements of the

1" (Qy )| can be calculated by the formula

8
Let us assume that k, = z

i=1

semigroup B, (D) which are defined by semilattices of the
class%,(X,8),when Z,NZ, =@, Z,NZ,#D, Z;NZ,#D.

Theorem 2.1. Let De3,(X,8), Z,NZ; =D, Z,NZ,#D, Z;NZ #D
and « €B, (D). The binary relation « is an idempotent relation of the
semigroup B, (D) iff the binary relation « satisfies only one condition of
the Theorem 1.1 and one of the following conditions:

9) o =(Y; xZ, ) U(Ys xZg) (Y, xZ,), where Y;,Y," ¢ {@} and satisfies
the conditions: Y,” ©Z,, Y ©Z;;

10) & =Yy xZ, )U(Ye xZg ) U(Yi xZ, ) U(Y xT), where Te{Z,,2,D},
Y, YY" ¢ {D) and satisfies the conditions: Y, ©Z,, Y’ 2Z, Y NT =&

1) a =(Y; xZ, ) U(Ys xZg ) U(Yy % Z, ) U (¥ xT) (Y xD) , where
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Te{Z,,Z,}, Y/ YY) ¢ {D} and satisfies the conditions: Y, 2Z,,
YS oZ, YA OYSOYSOYE oT, YWYnT =23, Y nD=J;

12) a=(Yy xZ, )U(Yy xZg ) (Vi xZ, ) (Y5 xZ, ) U(Y xZ,) (Y xD), where
YOYYS Y e{@) and satisfies the conditions: Y 2Z,, Y oZ,
Y OY wY,S OY,) 27, Y/ OYS Oy OY o7, Y, N2, =,
YoNZ #D.

Lemma 2.1. Let De%,(X,8) and Z,NZ =0, Z,NZ,#D,
ZsnZ; =D, If X is a finite set, then the number |I"(Q, )| can be

1" (Qy)| =3"%.

Lemma 2.2. Let Dex,(X,8) and Z,NZ, =90, Z,NnZ,#O,

1" (Qo)| can be

calculated by the formula

ZsnZ;=. If X is a finite set, then the number

calculated by the formula
1* (QIO )| — (4‘12\24‘ _3‘22\24‘ ) 4‘)(\12‘ + (4‘21\24‘ _3‘21\24

).4\X\z1\ +(4\D\z4\ _S‘D\ZA‘).A]-‘X\D‘

Lemma 2.3. Let DeX,(X,8) and Z,NZ, =9, Z,NnZ,#O,

Z,NZ,=D. If X is a finite set, then the number I*(Qn)| can be

calculated by the formula

|* (Qu )| _ (4\22\24\ _3\22\24\ )

+(4\21\24\ _3\21\24\),(5
Lemma 24. let DeX,(X,8) and Z,nZ, =0, Z,NZ,#,
I"(Q,) can be

S\D\zz\ _4\0\22\ .5‘X\D‘ +

D\z| [B\z|) L/Xx\D
_4 .5

ZsnZ; =, If X is a finite set, then the number

calculated by the formula
1* (le )| — 3\(szzl)\z4‘ . (4‘21\22‘ _ 3‘21\22‘ ) (4‘22\21‘ _3‘22\21‘ ) . G‘X\D‘

1 (Q )|+ 17 (Qu)| {1 (Qu)| +]1" (Q)]

Theorem 2.2. lLet DeZ, (X,8) and Z,nZ, =0, Z,NZ,#=J,
ZsnZ, =, If X isafinitesetand I, is a set of all idempotent elements

of the semigroup B, (D), then [1y| =k, +k,.

Let us assume that k, =
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3. In this pharagrap gives description of idempotent elements of the
semigroup B, (D) which are defined by semilattices of the

class¥,(X,8),when Z,NZ, =0, Z,nZ, + D .
Theorem 3.1. Let DeX,(X.8), Z,nZ,=0,Z;nZ;#J and
ae€B, (D). The binary relation « is an idempotent relation of the
semigroup B, (D) iff the binary relation « satisfies only one condition of
the Theorem 2.1 and one of the following conditions:

9) o = (Y7 xT)U(Y xT)U(Yp x(TUT), where T,T'eD,
T\T'20, T\T=0, Y Y e{d} and satisfies the conditions:
Yo oT, Y7 oT';

10) @ = (Y xT ) (Y xT') O (Y x(TUT) )Y xT"), where
TTT"eD, T\T'#2Q, T\T=d, Y7 YI Y e{d} and satisfies the
conditions: Y;* oT, Y oT', Yo NT" = J;

13)a = (Y xZ, )U(Ys xZg ) U(Yy xZ, ) (Y, xZ3) V(Y xZ,),  where
Y Y e {@) and satisfies the conditions: Y, 2Z,, Y 2Z,,
Yo OY, DZ,, YN, #D.

14) =¥, xZ,)u(Ys xZs)u(Ys xZ, ) (Y5 xZy)u(¥ xZ, )u(Yy xD), where
Y2 Y YS Y 2D} and  satisfies  the  conditions: Y 2Z,,
Yo 2 Z,, YUY 22, Y N2, 2D, Y ND =T,

15) a=(Y;xZ,)u(Yy xZs)u(Vi x Z, Ju(¥y xZ, )u(¥y xZ, ) (¥ xZ,)u(Ys < D),
where Y/ YY)V ¢{@} and satisfies the conditions: Y/ >Z,,
Y 2Z, YUY D2, YUY UYE 22, Y NZ, D, Y N2, 2,
Lemma 3.1. Let DeX,(X,8) and Z,NZ, =D, Z,NZ,#D . If X isa
finite set, then the number
1(Q )| — Xz gz
Lemma 3.2. Let DeX,(X,8) and Z,NZ, =0, Z,NZ,#D . If X isa

I"(Q )| can be calculated by the formula

finite set, then the number |I "(Qy )| can be calculated by the formula
1* (Qlo )| — (4‘22\24‘ _3‘22\24‘ ) 4‘X\Zz‘ + (4\21\24\ _3‘21\24‘ ) 4‘X\Zl‘ +
+(4\D\z4\ _S‘D\Z4‘)'4‘X\D‘ +(4\D\zl\ _S\D\zl\ )'4‘X\D‘
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Lemma 3.3. Let DeX,(X,8) and Z,nZ, =0, ZinZ;#D. If X isa

finite set, then the number

|* (Q13 )| _ (2\23\24\ _1)_5\><\zl\
Lemma 3.4. Let DeX,(X,8) and Z,NZ, =0, Z,NZ;#D. If X isa

1" (Q)| can be calculated by the formula

finite set, then the number

1" (Qu )| can be calculated by the formula

1" (Qy )| _ (Z\ZQ\ZA\ _l).(G\D\Zl\ _S\D\Zl\).G\X\D\
Lemma 3.5. Let DeX,(X,8) and Z,NZ, =@, Z,nZ;#D. If X isa

finite set, then the number

1" (Qs )| can be calculated by the formula
1"(Qu)|= (zwzs\zz\ _ 1).(4\22\21\ _ g%\ ).7\X\D\
Let us assume that k, = i 1 (Q)|-
Theorem 3.2. Let D ezz(>l(:,98) and Z,NZ, =3, Z,NZ; . If X isa
finite set and 1, is a set of all idempotent elements of the semigroup

B, (D), then [I;|=k +k;.
4. In this pharagrap gives description of idempotent elements of the

semigroup B, (D) which are defined by semilattices of the class3,(X,8),
when Z,NZ, =0, Z,NZ, #O.

Theorem 4.1. Let DeX,(X.8), Z;nZ;=0,Z,nZ,#J and
ae€B, (D). The binary relation « is an idempotent relation of the
semigroup B, (D) iff the binary relation « satisfies only one condition of
the Theorem 2.1 and one of the following conditions:

9) o = (Y xT)U(Y xT ) U(Y 7 x(TUT), where T,T'eD,
T\T'20, T\T=0, Y Y e{d} and satisfies the conditions:
Y7 oT, Y7 oT';

10) a = (Y xT) (Y xT ) U(Yp x(TUT)) UV xT7), where
TTT"eD, T\T' =@, T\T=, Y Y. Y e{d} and satisfies the
conditions: Y;* oZ;, Y7 2T, Y/ NT"#J;

13 a= (Yf’ x Z7)U(Y6“ x ZG) u(YS’" XZS) u(Y, xZ,) u(YZ‘Z sz) , where
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Y Yo YS e {} and satisfies the conditions: Y, 2Z,, Y 2Z,,
YUY 22, Y NZ, D,

14) o =(Y; % Z, ) U(Ys % Zg ) U(Ye % Zs ) (Y5 xZ,) (Y xZ,) (Y x D),
where YY" ,Y2,Yy ¢{Q} and satisfies the conditions: Y ©Z,, Y7 Z,,
YUY 2Z, Y N2, =D, Y N"D=D.

15) o =(Yy xZ, ) U(Ye % Zg U ¥y ¥ Z, ) 0 (Y5 xZ) U( ¥y ¥ Z,) U( Y xZ,) O Y5 D)
, where Y/ ,YSYY," ¢{&} and satisfies the conditions: Y2Z,,
Yo 2Zs, YUY DZ,, YSUYSOUYSUY"D2Z . YT nNZ =D,
YNz =J.

Lemma 4.1. Let DeX,(X,8) and Z;NZ, =0, Z,nZ,#D. If X isa
finite set, then the number
1°(Q, )| _ X\l gz
Lemma 42. Let DeX,(X,8) and Z;NZ, =, Z,nZ,#D. If X isa

1"(Q )| can be calculated by the formula

finite set, then the number
|* (Qm )| _ (4\22\2A\ _3\22\24\ )'4\><\zz\ +(4\zl\24\ _3\21\24\ )'4\><\zl\ i
+(4\D\24\ _3\0\24\)_4\X\D\ +(4‘D\Zz‘ _B\D\ZZ\)A\X\D\

Lemma 4.3. Let DeX,(X,8) and Z;NZ, =0, Z,nZ,#D. If X isa

1" (Q,)| can be calculated by the formula

finite set, then the number

1" (Qu)| = (2% 1) -8
Lemma 4.4. Let DeX,(X,8) and Z;NZ, =, Z,nZ, =T . If X isa

1" (Q)| can be calculated by the formula

finite set, then the number |I "(Qu )| can be calculated by the formula

1" (Qu )| _ (2\25\24\ _1),(6\15\22\ g0 ) gxl

Lemma 45. Let DeX,(X,8) and Z;NZ, =0, Z,nZ,#D . If X isa

finite set, then the number
I (le )| _ (2\25\21\ _1).(4\21\22\ _qn\z| ).7‘X\D‘ .

15
Let us assume that k, =>"|1"(Q))-

i=9

1" (Qs )| can be calculated by the formula
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Theorem 4.2. Let DeX,(X,8) and Z,NZ; =D, Z,NZ, #D . If X isa
finite set and I, is a set of all idempotent elements of the semigroup
B, (D), then [I,|=k, +k,.

5. In this pharagrap gives description of idempotent elements of the

semigroup B, (D) which are defined by semilattices of the class%,(X,8),
whenZ,NZ, =0, Z,NZ, =0, Z,NZ, #D.
Theorem 5.1. Let De3X,(X,8), Z,nZ, =D, Z;NZ, =D, Z,NZ,#D
and « €B, (D). The binary relation « is an idempotent relation of the
semigroup B, (D) iff the binary relation « satisfies only one condition of
the Theorem 2.1 and one of the following conditions:

9) ar = (Y xT) (¥ xT ) UV x(TUTY)), where T,T'eD,
T\T'2Q,

T\T=23, Y. Y ¢ {@} and satisfies the conditions: Y* =T, Y* 2T';
10) = (Y xT ) (Y xT ) U(Yp x(TUT)) UV xT7), where

TTTeD, T\T'#@, T'\T=Q, Y YIY:e{D} and satisfies the
conditions: Y o Z;, Y7 2T, Y. NT" = J;

13) e = (Y xT) U xT)U(Yp x(TUT)) UV xT") (Y5 xZ, ), where
TT7.7.ZeD, (TuT)cz, T'cT'cz, T\T'#Q, T\TzQ,
(TUTNT'2@,  T'\(TuT)2@, Y7 YI,Y%,¢{QB} and satisfies the
conditions: ;" T, Y oT', Y2 UY 2T", YA nT" 2 J;

1) o= (Y xT YUY xT ) (Y x Z, )oY xZ )oY x2') oYy < D),
where T,T7'.Z, Z'eD, Zel{Z,Z,}), Z'€{Z,2,}, Z,cZ'cD,
T'czcz', T\T'z2@, T\Tz20, Z,\220, I\7,#J,
YOS Y Y ¢{D) and satisfies the conditions: Y T, YT,
YEOYS 2Z,YENZ =D, Y "D=T;

15) =Y xZ, ) xT' OV xT") (¥, XZ, J (Y, X(T"OZ,) (Y5 xZ) (¥ D)
where T,T.T".2e€D, T"e{Z;,Z,}, TcT", TUT'=2,,
(T'uz,)uz=D , T\T'#@, T\T=@, T\Z,20, Z1\T"#0,
(T"UZN\Z=D, Z\(T"VZ,)2D, Y YY) ¢{@} and satisfies the
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conditions: Y 2T, Y7 oT', YUY 2T, YUY LY, UY,S2Z,
YiNT 2D, Y NZ+D.

Lemma 5.1. Let DeX,(X,8) and Z,nZ,=0, Z,NZ =0,
Z,nZ, = . If X is a finite set, then the number
I*(Qg)|:3\><\z4\+3\><\zl\+3\><\zz\
Lemma 5.2. Let DeX,(X,8) and Z,nZ,=0, Z,NZ =0,

1" (Q)| can be calculated

I (Q,)| can be calculated

by the formula

Z.nZ, =& . If X is afinite set, then the number

by the formula
1(Qq )| _ (4\22\24\ _gm\ ) Xz +(4\z1\24\ _qnz )_4\X\z1\ N

+(4\D\24\ _3‘D\24‘).4‘X\D‘ +(4\D\zl\ _3‘D\Zl‘).4‘X\D‘ +(4\D\z2\ _3\D\z2\ ).4‘X\D‘

Lemma 53. Let DeX,(X,8) and Z,nZ,=0, Z,NZ =0,

Z,nZ, =< . If X is afinite set, then the number

1" (Qs )| can be calculated
|* (Q13 )| — (2‘23\24‘ _1) . S‘X\Zl‘ +(2‘Zs\24‘ _1) .S‘X\Zz‘ .
Lemma 5.4. Let DeX,(X,8) and Z,nZ,=0, Z,NnZ,=O,

by the formula

Z.nZ,#. If X isafinite set, then the number

" (Q,)| can be calculated
by the formula

|* (Q14 )| - (2\23\24\ _1)_(6‘13\21‘ _5‘D\Zl‘ ),G‘X\D‘ +(2\25\z4\ _1),(6"3\22‘ _5‘D\ZZ‘),6‘X\D‘

Lemma5.5. Let DeX,(X,8) and Z,NZ, =0, Z,NZ =,

Z,nZ, = . If X isafinite set, then the number

1" (Q)| can be calculated
by the formula
1* (le )| — (2‘23\22‘ _1) . (4‘22\21‘ _3‘22\21‘ . 7‘X\D‘ +
+ (2‘25\21‘ _1) A (4‘21\22‘ _3‘21\22‘ ) . 7‘X\D‘
15
Let us assume that k; = >|1"(Q))| .
i=9
Theorem 52. Let DeX,(X,8) and Z,nZ,=0, Z,nZ,=0,

Z,.nZ, . 1If X isafinite setand I, is a set of all idempotent elements
of the semigroup B, (D), then [I,| =k, +k;.
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6. In this pharagrap gives description of idempotent elements of the
semigroup B, (D) which are defined by semilattices of the class3,(X,8),

when Z.NZ,=4.
Theorem 6.1. Let DeX,(X,8), Z;nZ, = and a B, (D). The binary

relation ¢ is an idempotent relation of the semigroup B, (D) iff the binary

relation « satisfies only one condition of the Theorem 5.1 and one of the
following conditions:

9) o = (Y xT)U(Y xT ) U(Yp x(TUT), where T,T'eD,
T\T'20, T\T=20, Y Y e{d} and satisfies the conditions:
Yo oT, Y7 oT';

13) = (Y xT) U xT")U(Yy o x(TUT)) UV xT") (Y5 xZ, ), where
T,T' T"ZeD, (TuT')cZ, TcT"'czZ, T\T'20, T'\T=zJ,
(TUTNT"2@, T\(TUT)2@, Y7 Y7, Y%,¢{QD} and satisfies the
conditions:Y;* 2T, Y/ 2T, YUY 2T, YT "= J;

16) = (¥, xZ, JU(¥y xZ) UV xZg ) V¢ xZ, ) (¥y X2, O[5 xZ,) u(Y¢ xZ,) o ¥y xD),
where Y7 YJ, Y7 Y, ¢ {&} and satisfies the conditions: Y, 27,
Yo DZg, YUY DZs, Yo UYS D7, YIS NZy =D, Y NZ, #D.
Lemma 6.1. Let DeX,(X,8) and Z,nZ, = If X is a finite set, then

the number

I"(Q )| can be calculated by the formula

[x\D|

I*(Qg)|:3\X\ZA\+3\X\Zl\+3\X\zz\+3
Lemma 6.2. Let DeX,(X,8) and Z,nZ, =. If X is a finite set, then

the number

1" (Qs )| can be calculated by the formula
1"(Qu )| = (2% 1) 83 (2% —1).5"% +
+(2‘23\Z2‘ _1)_5‘X\D‘ +(2‘ZS\ZI‘ _l),S‘X\D‘

Lemma 6.3. Let DeX,(X,8) and Z,nZ,=. If X is a finite set, then

the number

1" (Q)| can be calculated by the formula
1 (Qe )| _ (2\25\21\ _1> : (2\23\22\ —l)-S‘X\D‘

16
Let us assume that k; =>"|1"(Q )| :

i=9
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Theorem 6.2. Let DeX,(X,8) and Z,NZ, = If X is a finite set and

I, is a set of all idempotent elements of the semigroup B, (D) then
1| =k, +ks -

7. In this paragraph we give a full description maximal subgroups of the
Complete semigroups of binary relations defined by semilattices of the class
>, (X.8).

Lemma 7.1. The number of automorphisms of those semilattices, which are
defined by the diagrams 1), 2), 3), 4), 8), 13), 14) and 15) in fig. 2 is equal to
1, those semilattices which are defined by the diagrams 5), 6), 7), 9), 10) 11)
and 16) in fig. 2 is equal to 2 and that semilattice which is defined by the
diagram 12) in fig. 2 is equal to 4.

Theorem 7.1. For any idempotent binary relation ¢ of the semigroup
B, (D), the order a subgroup Gy (D, ¢) of the semigroup B, (D) is one,
or two, or four.

Chapter ITI . Regular Elements.
In this section gives full description of regular elements of the semigroup

B, (D) which are defined by semilattices of the class =, (X,8). When X

is a finite set, the formulas are derived, by means of which the number of
regular elements of the semigroup is calculated.
Before describing the regular elements of the given semigroup

B, (D), first we will derived the necessary and sufficient conditions of
existence of semigroupregular element and when Xis finite set, the
calculation formula is received.

Lemma 8.1. Let De},(X,8) and Z,nZ,=@. Binary relation « having

;
quazinormal representation of the form o = (YO“ X 5)UU(Y{" xZ, ) where
i=1
Y, YsYS Y, ¢ {D} is a regular element of the semigroup B, (D) iff for
2,242:2,2,72,2,D

some complete —isomorphisme=| Z7 26 2> -4 283 22 71 —~ of the
P “ phisme (27 707: 7,7, 7, 7, ZOJ

of the semilattice D satisfies the following conditions:
Y 2Z,, YE 2Z, Y UYE 2 Z, YUY DL,
Yo N2, 2D, Y N, 2D
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Lemma 8.2. Let DeY,(X,8), ZnZ,=@ and [Z,(X,8)|=m,. If X be
finite set and the XI — semilattice D and

D'={Z,.25.25.2,,23,2,,2,,Z, are a — isomorphic, then
|R(D')| =2-m, .(2‘25\21‘ _1).(2‘23\22‘ _1).8‘X\ZO‘ .

8. In this pharagrap gives description of regular elements of the
semigroup B, (D) which are defined by semilattices of the class%,(X,8),
when Z,NZ; #0.

Theorem 8.1. Let De%,(X,8) and Z, "Z, =< . Then a binary relation o
of By (D) which a quasinormal representation one of the form given below
is a regular element of this semigroup iff there exist a complete

o —isomorphism ¢ of the semilattice V(D,a) on some subsemilattice D’

of the semilattice D that satisfies at least one of the followings:
Da=XxT,where TeD;

2) a =Y xT)u(¥:xT'), where T,T'eD, T<T', V.Y ¢ {@} and satisfies
the conditions: Y," o ¢(T), Yy ne(T) =D,

3) a =Y xT)U(Y xT)U(Y: xT"), where TT'T"eD, T<T' T,
YOS Y e{D)  and  satisfies  the  conditions: Y 2¢(T),
YUY 20(T'), Y ne(T) =D, Y ne(T") 2D,

)= (Y7 xT)U (Y xT) (¥ xT")U(Ys xD), where T,T'T"eD,
TcT'cT"cD. Y5 Y5, Y5,Yy {2} and satisfies the conditions:
Y op(T), YUY 2p(T), YUY UV 2o(T"), Y ne(T) =D,
Y ne(T) =D, Yy no(D)=D;

5) & = (Y xT)U(Y xT)U(Y xT") U (¥ xT'UT"), where  T,T'T"eD,
TcT, TcaT", T\T"28, T'\T'#Q, Y7, Y2, Y% e {D} and satisfies
the conditions: YUY 2o(T), YEUYEoe(T"), Yine(T)2d,
Yo ne(T#D;

6) a = (Y xT)u(Yy xZ,)u(Yy xZ) (Vs xZ") (Y5 x D), where
Te(z,2,), 2,2'€{2,2,},2#2', Z\Z #3, Z\2# D,
VY Y Y e (D) and  satisfies  the  conditions: Y 2¢(T),
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YoOY 20(Z,), YUY UYS 20(Z), YUY UYS oe(Z'),
YO Np(Z,) 2D, Y, np(Z) =D, Y ne(Z')=D,;

7) =Y xT )oY xT) U xT") O(Yyp x(T'OT ")) u(Yy x D),
where T, 7' T'eD, TcT', Tc<T", T\T"20, T'\T'=2J
YY) ¢{D) and  satisfies the conditions:  Y,* UY,S S ¢(T")
YUY 20(T"), Y ne(T) =D, Yine(T) 22, Y np(D)=J;
8) a=(Yy xT)u(Y xT)U(Ys % Z, Ju(¥p, x(T'UZ,)) (Vs xZ)(Yy x D),
where T e{Z7,Ze}, T'E{ZS,Z3}, TcT Z,0T,Z e{ZZ,Zl}, Z,UT'#Z,
TNZ, 2D, Z,\T' 2@, (Z, UT'N\Z 2D,Z\(Z,UT") D,

YOYE XY, ¢{@)  and  satisfies the conditions: YUY oe(TY),
Yo OY 20(Z,), YUY OY 29(Z), Y ne(T) =3,
Y np(Z,)#D, Y7 np(Z)=D;

Lemma 83. Let DeX,(X,8) and Z, "Z, =D . If X is a finite set, then the
number |R”(Q, )| can be calculated by the formula |R*(Q )| =8

Lemma 8.4. Let DeX,(X,8) and Z, nZ, =@ . If X is a finite set, then the

number |R”(Q, )| can be calculated by the formula
{(Q)]=19-(27% -] 2 +10-(27% ~1)-24° ~19-(2" -1)-24°

Lemma 85. Let DeX,(X,8) and Z,nZ, =& If X is a finite set, then

the number |R” (Q, )| can be calculated by the formula
‘R*(Qa)‘zlg.(z\zs\zv\_1).(3\'3\15\_Z\D\Zs\).g\X\D\+18( o2z 1 (\D‘ZA\ 2\["24\) gl
a5 ) () g g 30
1 )| g g ) () 57
Y E R e P
B E L I P
_18.9%'%. (zwzs\zw 1 (S\D\zz\_z\mzz\) 30 _qg. 2\zz\z4\ (2\24\27\ )(\D\Zz\_z\wz\). gl _
g (4P 1 g (g (P g0
()

_18. 2z (ol2:\ze] _ 1 3‘[’\21‘ 2‘[’\21‘) 3‘X\D‘ -18. oI\ (2\23\25\ 1) (3‘9\21‘ Z‘D\Zl‘) 3‘X\D‘
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Lemma 86. Let DeX,(X,8) and Z,nZ, =& If X is a finite set, then
the number |R* (Q, )| can be calculated by the formula

R (Q4 )| _ 6_(2\25\z7\ _1)_(3\22\25\ _ 2\22\25\ ).(4\0\22\ _3\D\zz\).4\xm\ N

(2\24\27\ ) (3\22\24\ _2\z2\z4\) (4\D\zz\ _3‘0\22‘).4‘“0‘
(2\24\27\ ) (3\zl\z4\ 2\21\24\) (4\D\z1\ 3\0\21\) 4‘X\D‘
(2\24\25\ 1) (3\22\24\ 2\zz\z4\) (4\0\22\ _B\D\zz\)_ﬂr\xm\ +
(2\24\25\ 1) (3\21\24\ 2\21\24\) (4\0\21\ _3\D\zl\).4\><\o\ N
( ol2:\z4| _ ) ( AL \zl\z3\).( \lj\zl\ _3‘0\21‘).4‘X\D"

Lemma 8.7. Let DeX,(X,8) and Z,Z, =D . If X is a finite set, then the
number |R” (Q, )| can be calculated by the formula
R (Q)| =14+ (2% 1) (2% 1) -4 414, (25121 -1). (2241 -1). 4% 4
14 (2551 1) (218 1) 4714, (255 ) (28 1) 40
+14-(22H g (275 g 42
7.0 (g _g) g9 ()4
7.0 (g ) g (g4
7.9 (g _g] g0 ()4
7.0 (g _g) g (g ) e
7.0l ) g (el ).
7,28 (g ). g0 (55 )47
7,259 (2 1) 250 (25 _g) 470
_7.2‘Z2\Zl‘ ,(2‘24\Z3‘ _l).2‘23\D‘ .(2‘23\22‘ _1).4‘X\D‘

Lemma 8.8. Let DeX,(X,8) and Z,Z, =D . If X is a finite set, then the

e gl

number |R* (Qs )| can be calculated by the formula
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R (Q,) = 2- (2\z4\z7\ _ 1) @z .(3\zl\zz\ _ oz ) , (3\4\21\ _ oz ),5\X\‘D\ +
+2. (2‘24‘27‘ —1) lanz)z .(3\22\21\ _ g%\ ) : (3\21\22\ _ o7z ),5\X\D\ N
22505 1) l@nz)z| _(3\zl\zz\ 2Rl (3m1E g ) gl
N 2_(2\24\26\ _1). J@oz)z| ,(3\zz\zlw _2\22\21\),(3\21\22\ _ zwzl\zz\)_s\m\

Lemma 89. Let DeZ,(X,8) and Z, nZ, = . If X is a finite set, then the

number |R* (Q, )| can be calculated by the formula
R'(Q, )| = 2.(2\25\24\ _1).(2\24\25\ _ ).(5\0\22\ _4\0\22\).5\X\D\
+2.(2\Z4\Zs _ ) (2\25\24\ ) (5\'3\22\ 4\D\Zz\) gl
+2.(2\Z4\Za _ ) (2\23\24\ ) (5\0\21\_4\0‘21\).5\X\D\ N
(Z\za\m ) (szuzs _ ) (5\0\@\ _4\0\21\).5\X\D\

Lemma 8.10. Let DeX,(X,8) and Z,nZ, =@ . If X is a finite set, then

the number |R” (Q, )| can be calculated by the formula
R* (D8 )| — 2,(2‘23\22‘ _1)_(2‘24\23‘ _1),(3‘Z2\Z1‘ _2‘22\21‘ ),G‘X\D‘ +
+2,(2‘Zs\z1‘ _1),(2‘2A\zs‘ _1),(3‘22\21‘ _2‘22\21‘>,6‘X\D‘

8
Let us assume that r, = z

R(Q)-
i=1
Theorem 8.2. Let DeX,(X,8), Z,NZ; <. If Xisafinitesetand R, is

a set of all regular elements of the semigroup B, (D), then |Ry|=r,.
In this case, when Z;"Zg; =<, the set of all regular elements is a

subsemigroup of the semigroup By (D) which is defined by semilattices of
the class X, (X, 8).

9. In this pharagrap gives description of regular elements of the
semigroup B, (D) which are defined by semilattices of the class%,(X,8),

whenZ,NZ, =0, Z,NZ, #D, Z,NZ; #J.
Theorem 9.1. Let DeZX,(X,8) and Z,nZ, =0, Z,NnZ,#,

Z,nZ,#@. Then a binary relation a of B, (D) which a quasinormal

representation one of the form given below is a regular element of this semi-
group iff there exist a complete «—isomorphism ¢ of the semilattice
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V(D,a) on some subsemilattice D' of the semilattice D that satisfies only
one condition of the Theorem 8.1 and one of the followings:

9) o =(Y; xZ, ) U(Ys xZg) (Y, xZ,) , where Y,,Ys ¢ {@} and satisfies
the conditions: Y;* 2 ¢(Z,), Y 2¢(Z;);

10) o =(Y; xZ, ) U(Yy % Zg ) U(Ys xZ,)U(¥%* xT), where Te{z,,2,,D},
Y)Y e { D) and satisfies the conditions: Y/ 2¢(Z,),
Y 20(Z), Y no(T)=D;

1) a=(Y7xZ, ) (Y xZg )oY xZ,)U(Y xT)U(Yy xD),  where
Te{Z,,Z}, Y/ YSYY, ¢{D} and satisfies the conditions:
Y 20(Z,), Y& 20(Zs), Yy oY OYS UY 20(T), Yy ne(T)=D,
Yy mgo([j) 0,

12) a=(Yy xZ, )U(Yy xZg ) (Vi xZ, ) (Y5 % Z,) U(Y xZ,) (Y xD), where
Y7 YEYS Y ¢ (@) and satisfies the conditions: Y 2¢(Z,), Y& 2¢(Z,),
Yy OV YUY 20(Z,), YUY OYSUY 2e(Z), Y ne(Z,) =D,
Y np(Z,) =D,

Lemma 9.1. Let DeX,(X.8) and Z,nZ,=0, Z,NZ,#0,
Z,nZ, =D If X is a finite set, then the number |R* (Q, )| can be
calculated by the formula |R”(Q, )| = 2.3\l

Lemma 92. Let DeX,(X.8) and Z,nZ,=0, Z,NnZ,#d,
Z,nZ,#@. If X s a finite set, then the number |R”(Q,,)|can be

calculated by the formula |R* (Quo )| = 6~(4‘D\Z"‘ —gP )'4‘“0‘ .

Lemma 93. Let DeX,(X.8) and Z,nZ,=0, Z,NZ,#0,
Z,NZ,#=D. If X is a finite set, then the number |R* (Q11)| can be
calculated by the formula

|R* (Q11)| - 4.(4\22\24\ _ 3%\l ),(S\D\zz\ _4‘D\Zz‘).5‘X\D‘ .
+4.(4\zl\24\ _ gz )'(5\0\21\ _ 4P ).S‘X\D‘
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Lemma 94. Let DeZ,(X,8) and Z,nZ, =, Z,nZ,#2,
Z,nZ,#@. If X s a finite set, then the number |R”(Q,,)|can be
calculated by the formula

R* (le )| _ 4.3‘(22r\21)\24‘ ’(4\21\22\ _3\21\22\)'(4\22\21\ _3\22\21\ )'G‘X\D‘

12
Let us assume that r, = z

i—9 R (Qi )| )

Theorem 9.2. Let DeX,(X,8), Z,nZ; =0, Z,NZ,#D, Z;NZ;#D. If
X is a finite set and R, is a set of all regular elements of the semigroup
B, (D), then |Ry| =1, +,.

10. In this pharagrap gives description of regular elements of the

semigroup B, (D) which are defined by semilattices of the class3,(X,8),
whenZ,NZ, =0, Z;NnZ, #J.
Theorem 10.1. Let DeX,(X,8) and Z,NZ, =&, Z,nZ,#J. Then a

binary relation « of By (D) which a quasinormal representation one of the

form given below is a regular element of this semigroup iff there exist a
complete « —isomorphism ¢ of the semilattice V(D,a) on some

subsemilattice D’ of the semilattice D that satisfies only one condition of
the Theorem 9.1 and one of the followings:

9) ar = (Y7 xT)U(Ye xT)U(Yp x(TUT), where T,T'eD,
T\T' 2@, T'\T =@, YY" ¢{J} and satisfies the conditions: ;" 2¢(T),
Y7 20(T');

10) @ = (Y xT ) (¥ xT") O (Yo x(TUT) ) (Y xT7), where
TTTeD, T\T'=d, T\T=J, Y YY:e{d} and satisfies the

conditions: Y;* 2 ¢(T), V" 2o(T"), V" no(T")=J;

13) @ = (Y xZ, )U(Ys % Zs ) U(Yy xZ, ) (Y, % Z;) OV x Z,) ,

where ;" Y)Y, ¢ {&} and satisfies the conditions: Y/ 2¢(Z,),
Y 20(Z), YUY 20(Z,), Y ne(Z,) =D

14) @ =(Y;xZ, ) O(Yy xZ, )U(Yi xZ, ) U Yy xZg) (¥ xZ,)U(Ys xD),  where
Y YS YY) ¢{@}  and satisfies the conditions: Y, 2¢(Z,),
Y 20(Zs), Y& OV 20(2,), Y5 e(Z,) =D, Yy ne(D) = D
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15) @ =Yy xZ, J (Y xZq ) O (Vi xZ,)U( Yy x Z,) U( Yy xZ,) oYy xZ,) U( Y5 x D),
where Y/ YY!Y“¢{0} and satisfies the conditions: Y,/ >¢(Z,),
Yy 20(Z,), Yo OYy 29(Z,), YUY OY,SOY,) 20(Z,),
Y ng(Z) 2D, YEne(Z,)=D.

Lemma 10.1. Let De¥,(X,8) and Z,nZ, =@, Z,Z,=D. If X isa
finite set, then the number |R”(Q, )| can be calculated by the formula
R'(Q,) =43

Lemma 10.2. Let De¥,(X,8) and Z,NZ, =@, Z,Z;#D. If X isa

finite set, then the number |R” (Q,, )| can be calculated by the formula
R (Qw )| _ 8_(4\D\24\ _3\D\z4\ ).4‘X\D‘

Lemma 10.3. Let DeX,(X,8) and Z,NZ, =&, Z;nZ, =D . If X isa

finite set, then the number |R* (Qus )| can be calculated by the formula

R* (Q13 )| _ (2\23\24\ _1).5\><\zl\
Lemma 10.4. Let DeX,(X,8) and Z,nZ, =@, Z,nZ,=D. If X isa

finite set, then the number |R”(Q,, )| can be calculated by the formula
R* (Q14 )| _ (Z\ZQ\ZA\ —1)~(6‘D\Zl‘ _S\D\zl\ )'G‘X\D‘

Lemma 10.5. Let DeX,(X,8) and Z,NZ, =&, Z;nZ, =D . If X isa

finite set, then the number |R* (Qus )| can be calculated by the formula

= (le )| _ (2\23\22\ _1) ) (4\12\11\ _ 3\22\21‘ ) _ 7\><\D\

15
Let us assume that r, =

i=9

R(Q).

Theorem 10.2. Let DeX,(X,8), Z,NZ, =D, Z;NZ; =D . If Xis a finite
set and R, is a set of all regular elements of the semigroup B, (D) then
IRy =1 +1,.

11. In this pharagrap gives description of regular elements of the
semigroup B, (D) which are defined by semilattices of the class X,(X,8),

when Z,NZ, =0, Z,NZ,#OD.
Theorem 11.1. Let DeX,(X,8) and Z,NZ; =&, Z,Z,#D . Thena
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binary relation o of B, (D) which a quasinormal representation one of the

form given below is a regular element of this semigroup iff there exist a
complete «—isomorphism ¢ of the semilattice V(D,a) on some

subsemilattice D’ of the semilattice D that satisfies only one condition of
the Theorem 9.1 and one of the followings:

9) o = (Y xT)U(Y xT ) U(Y 7 x(TUT), where T,T'eD,
T\T'2@, T\T=0, Y'Y ¢{D} and satisfies the conditions:
Y 20(T), Y 2p(T'):

10) @ = (Y xT )Y xT) O x(TUT)) (Y xT7), where
TTTeD, T\T' 2@, T\T=#d, Y'Y Y%e{d} and satisfies the

conditions: Y;* 2 ¢(T), V" 2o(T'), Y no(T")=D;

13) a =(Yy xZ, ) U(Ys xZg ) (Vs % Z5 ) (Y, % Z,) (Y5 xZ,) , where

Y, YY" ¢ {&} and satisfies the conditions: Y, 2¢(Z,), Y& 2 ¢(Z;).,
Yy OYS 20(Z), Y ne(Zs) =D .

14) @ =(Y; xZ, )0 (g xZ, )U( Ve xZ ) U(Yi xZ,) U( Yy xZ,) Yy xD),  where
VY YS Y ¢ {D) and satisfies the conditions: )" 2¢(Z;), Y 2¢(Z,),
Yy OYS 20(Z), Y ne(Zs) 2D, Yy r\go(f)) .

15) =¥y xZ, )oYy xZq )0 (Y ) Zg)U(Yy % Z,) U( Yy xZ,) oYy xZ,) U( Y5 x D),

where Y'Y/ Y'Y ¢{@] and satisfies the conditions: Y 2¢(Z,),
Y 20(Zs) Y OYE 29(Zs), Y OYEUYE OV 29(Z), YE Np(Zs) =D,
Y no(Z,)=D.

Lemma 11.1. Let DeX,(X,8) and Z,NZ, =, Z,nZ,#D. If X isa

finite set, then the number |R* (Q, )| can be calculated by the formula
R*(Q)[=4-3"%.

Lemma 11.2. Let DeX,(X,8) and Z,NZ, =D, Z,nZ,#D. If X isa

finite set, then the number |R* (Quw )| can be calculated by the formula

R (Qq)] =8-(47%-37™ .47
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Lemma 11.3. Let DeX,(X,8) and Z,NZ, =D, Z,NZ,#D. If X isa
finite set, then the number |R* (Qus )| can be calculated by the formula
R'(Qu)| = (2‘25‘24‘ —1)-5‘*‘22‘ .

Lemma 11.4. Let DeX,(X,8) and Z,NZ, =D, Z,NZ,#D. If X isa

finite set, then the number |R* (Qu )| can be calculated by the formula
R'(Qu )| _ (2\25\24\ —l) ) (6\0\22\ _gP\zl ) .6\

Lemma 11.5. Let De¥,(X,8) and Z,NZ, =@, Z,Z,=D. If X isa

finite set, then the number |R” (Q, )| can be calculated by the formula

R* (le )| — (2\25\21\ _1) ) (4\21\22\ _ga\zl ) . 7\><\D\

15
Let us assume that r, = »_

>R (@)
Theorem 11.2. Let DeZX,(X,8), ZgNZ, =, Z,NZ,#D. If Xis a
finite set and R, is a set of all regular elements of the semigroup B, (D) :

then |R,|=1+r,.

12. In this pharagrap gives description of regular elements of the
semigroup B, (D) which are defined by semilattices of the class 3,(X,8),
when Z.NZ, =9, Z,nZ, =3, Z,NZ, #D.

Theorem 12.1. Let De3X,(X,8) and Z,nZ, =D, Z,nZ,=0,
Z,nZ,#Q. Then a binary relation & of B, (D) which a quasinormal

representation one of the form given below is a regular element of this semi-
group iff there exist a complete o —isomorphism ¢ of the semilattice

\Y (D,a) on some subsemilattice D’ of the semilattice D that satisfies only
one condition of the Theorem 9.1 and one of the followings:

9)a=(YT”‘ xT)u(Yﬁ xT')u(YT‘CT,x(T uT’)), where T.T'eD,
T\T'2Q@, T'\T =@, Y,V ¢{Q} and satisfies the conditions: Y* 2¢(T),
Y 20(T');

10) @ = (Y xT )Y xT) O x(TUT) )Y xT7), where
TT.T'eD, T\T'20, T\T=J, Y Y Y. e¢{d} and satisfies the
conditions: Y 2¢(T), Yy 2¢(T'), Y ne(T")=J;
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13) e = (Y xT) UV xT) O x(TUT)) UV xT") (Y5 % Z, ),
where T,T'.T",ZeD, (TUT’)CZ, TcT"cz, T\T'#J,
T\T 20, (TUT©\T"20, T'\(TUT)2@, Y7, Y, Y% ¢ {D} and satisfies
the conditions: Y;* 2 ¢(T), Y 20(T'), YUY 2p(T"),
Yo (T =D

1) a = (Y7 xT ) (Y xT ) (Y, xZ, ) U (Y x Z) (Y5 x 2" ) U Yy x D),
where T,T.Z, Z'eD, Ze{z,2,}, 7Z'€{Z,2,}, Z,cZ' <D,
T'czcz, T\T'=2Q, T\T2@, Z,\Z+0, I\7Z,#0,
Y Y YS Yy ¢ {@) and satisfies the conditions: Y 2¢(T), Y% 2¢(T'),
YUY 20(2), Y np(Z) =D, Y (D)= 2.

15) ar=(Y' xZy )oY xT )oY xT7 )oYy xZ, ) (s, X(T"0Z,)) (Y5 xZ) (Y, xD)
where T,T.T".ZeD, T”e{Z5,Zg}, TcT, TUT' =2,
(Truz,)uz=D , T\T'2@, T\Tz2@, T\7,20, Z\T"'20,
(T"UZN\Z =D, Z\(T"UZ,)#D Y7 Y2 Y2Y, ¢{D} and satisfies the
conditions: Y 20(T), Y op(T), Ve UYE 2 p(T7),
Y OYS OY) OYS 20(Z), YEne(T) 23, Y, ne(Z)=D.

Lemma 12.1. Let DeX, (X,8) and ZnNZ =0, Z,nZ,=0,
Z.nZ,#. If X is a finite set, then the number |R* (Q, )| can be
R'(Q,)|=6-3""*

Lemma 12.2. Let DeX,(X.8) and Z,nNZ =9, Z,nZ,=0,
Z.nZ,=. If X is a finite set, then the number |R"(Qlo )| can be

calculated by the formula

calculated by the formula |R* (Qu )| =1O-(4‘D\Z“‘ —go ).4‘“5‘

Lemma 123. Let DeX,(X.8) and Z,NZ, =D, Z,nZ,=0,

Z,nZ,#@. If X is a finite set, then the number |R”(Q,;)| can be
calculated by the formula
|R* (Q13)| — 2.(2‘23\ZA‘ _1),5‘X\Zl‘ +2,(2‘25\ZA‘ _1),5‘X\Zz‘
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Lemma 124. Let DeX, (X.8) and ZnNZ =0, Z,nZ,=0,
Z,nZ,#@. If X is a finite set, then the number |R”(Q,,)|can be
calculated by the formula

R’ (Q14 )| _2 .(2\23\24\ —1)-(6‘[)\21‘ _5\0\21\ ).G‘X\D‘ + 2.(2\25\24\ _1).(6\D\22\ _S\D\zz\ ).G‘X\D‘
Lemma 125. Let DeX,(X,8) and ZnZ =0, Z,nZ,=0,
Z,nZ,#@. If X is a finite set, then the number |R”(Q,;)|can be
calculated by the formula

R (le )| _ 2,(2\23\22\ _1),(4\22\21\ _3\22\21\),7\“[" +2,(2\Zs\21\ _1),(4\11\22\ _3\21\22\),7‘“'3‘

15
Let us assume that ;=

SR (@)
Theorem 12.2. Let DeX,(X,8), Z,NZ; =D, Z,NZ, =D, Z;NZ, #D .
If Xis a finite set and R, is a set of all regular elements of the semigroup
B, (D), then |Ry| =1, +r,.
13. In this pharagrap gives description of regular elements of the

semigroup B, (D) which are defined by semilattices of the class 3,(X,8),
when Z,.NZ,=O.
Theorem 13.1. Let DeX,(X,8) and Z, nZ, =&J. Then a binary relation o

of By (D) which a quasinormal representation one of the form given below

is a regular element of this semigroup iff there exist a complete
o —isomorphism ¢ of the semilattice V(D,a) on some subsemilattice D’

of the semilattice D that satisfies only one condition of the Theorem 12.1
and one of the followings:

9)a =Y xT)o(YIxT)U(¥r x(TUT)),  where T,7'eD,
T\T'2@, T'\T=, Y.Y; ¢{J} and satisfies the conditions: Y, 2¢(T),
Y 20(T');

13) e = (Y xT ) (Y xT) O x(T UT)) UV xT") (Y5 xZ, ), where
TT.7"2eD, (TUT’)CZ , T'cT'cz, T\T'20, T'\T=+J,
(TUTNT"2@,  T\(TuT)=@, Y7 YI.Y%,e{d} and satisfies the
conditions: Y, 2 ¢(T), Y 29(T'), Y2 UYE 20(T"), Y np(T") =D ;
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16) = (¥, xZ, oV xZy )oY X Zo )LV xZy) LYy xZg) LYy xZ,) (¥ xZ,) (Y xD),
where YY", Y5, Y7 ¢ {@} and satisfies the conditions: Y," 2¢(Z,),
Yeo0(Zs), YUY o0e(Z),  YSOYS 20(Zy), Yone(Z)#2,
Yenp(Z,)# 2.

Lemma 13.1. Let DeX,(X,8) and Z,nZ,=@. If X is a finite set, then
the number |R”(Q, )| can be calculated by the formula|R" (Q, )| =g8.3%\l
Lemma 13.2. Let DeX,(X,8) and Z,nZ,=@. If X is a finite set, then

the number |R” (Q,, )| can be calculated by the formula

R'(Qs )| = 4'(2‘23\24‘ —1)-5‘“21‘ +4.(2\Zs\24\ _1)‘5\X\22\ .

Lemma 13.3. Let DeX,(X,8) and Z,nZ,=@. If X is a finite set, then
the number |R” (Q,q )| can be calculated by the formula

R'(Q)|=2+(2%"% -1 (2% _1)_8\xxo\ '

16
Let us assume that ;=

i=9 R (Qg )| '

Theorem 13.2. Let De3,(X,8), Z;NZ, =D If X isafinite setand R, is
a set of all regular elements of the semigroup B, (D), then |Ry| =1, +..

APROVEMENT OF THE RESULTS OF THE THESIS

The outcomes of the research proposals have been published in 7
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class 2,(X,8).
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APPLICATION”- Batumi, 2011, Idempotent Elements of the Semigroups
B, (D) defined by Semilattices of the Class =, ( X,8), when Z, " Z; # .
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3)General Seminars at Department of mathematics, HACETTEPE
University, Ankara, TURKEY, 2016, ,,Complete Semigroups of Binary
Relations Defined By The Semilattices of a Class 3, (X,8)".

4)General Seminars at Department of mathematics, CANAKKALE
Onsekiz Mart University, Canakkale, TURKEY 2016. ,,Complete
Semigroups of Binary Relations Defined By The Semilattices of a Class
%,(X,8)".

The results obtained were discussed at the scientific workshops of the
mathematics department of Batumi State University.

The Approbation of the results obtained in the dissertation was held
at the enlarged of the mathematics department of Shota Rustaveli Batumi
State University. The dissertation was approved and recommendations as
to its defence were given.

APPENDIX

There are 7 appendixat the end of the dissertation work. First
appendix contains the example, where the 3, (X,8) class semilettices are
constructed, When|X| =4. In the following appendix for all 6 cases, the
examples in case of finite set X, the elements of idempotent and regular
elements of B, (D)semigroup given for the class semilettices are

presented and it is shown that theoretical and practical calculations
coincide.
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