APPENDIX
There are 4 appendices the end of the dissertation work. In all of the
following appendices, there are examples in case of finite set X, the

elements of idempotent and regular elements of B, (D) semigroup given

for the class semilettices are presented and it is shown that theoretical
and practical calculations coincide.
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for some T,7,ZeD, Z,cT<T'eD, Y,/ ,Y YY) ¢{}and
Y7 20(Z,), YUY 20(T), YUY uYop(T), Y ne(T)=J,
Y ne(T)=D, Y m(p(D);t@ ;

e) o =Y xT)u(¥ xT)u(¥y xZ)u(¥ , x(T'wZ)) for some T,T'ZeD,
TcT, Tcz, T\ZzJ, Z\T'#0, Y YIYS ¢{D}and
YUY 20(T'), YUY, 20(2), Y ne(T) =D, Y, ne(Z)=T;

f) a =Y xZ, (Y xZs )u(Yy xZ, ) (Y x Z, ) (Y x D) for
some Y, YY", Y, ¢{@}, which satisfies the conditions: Y} LY, 2¢(Z;),
I OYS 20(2,)s YEn(Z,) 2D, Y np(Z,) 2D, Yo no(D)=D.

9) @ =(Y"xZ, ) (Y xZg ) (Vs x Zy ) (¥ xZ, ) o (Yy" x D) for
some AR AR AR AR {@} which  satisfies the  conditions:
YUY 20(Zs), Y OYSOY 20(Z,), YUYy OY 20(Z), Y ne(Z) =D,
Y no(Z) =D, Y, no(Z,)#D.

h) a=(YxZ, )Ju(Ye xZ o (¥ xZ, ) (¥ xZ,)u(Y xZ, )u(Y; xD) for some
VeSS Y (@) which satisfies the conditions: Y7 2 o(Z7),
Y7 OYs 20(Zs), Y7 UYL 20(Z,), YT U U 20(Z,), Yo no(Zs)2D,
Y no(Z,) 2D, Y5 no(Z3)=D.

Theorem 3.3.2.Let D={Z,2,Z,2,.2,2,2,D}ex,(X,8).
Then the set R, of all regular elements of the semigroup B, (D) isa

subsemigroup of this semigroup.
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V[a] =V(X*,a),if® eV (X*,a),

V[a]=V (X", a)u{@} if@ eV (X" a) @ DD,

then it obviously follows that any binary relation « of the
semigroup B, (D)can always be represented in the form
a= U (YT“ ><T).

TeV[a]

In the sequel we will call such a representation of a binary
relation « quasinormal.

Note that for a quasinormal representation of a binary relation
a , it is not all sets Y,” that may differ from an empty set. But for such

a representation the following conditions are always fulfilled:
)Y NY: =@forany T,T'eDand T #T';

b)x= Y

TeVial
(see [1], 1.11).
Theorem 33.1.let D={Z2,7,2,2,2,2,,2,D}%,(X,8).
Then a binary relation «of the semigroup B, (D) with a

quasinormal representation in one of the forms given below is a
regular element of this semigroup iff there exists a complete a—
isomorphism ¢ of the semilattice V(D,a) on some subsemilattice

D’ of the semilattice D that satisfies at least one of the following
conditions:
a) a=XxT forsome T eD;

b) a:(YT“ xT)u(YT‘? ><T’) for some T,T’eD, Tc<T’' and
Yo Y {2}, which satisfies the conditions: Y 5¢(T),
Y ne(T) =D

¢) a =(YT“ xT)u(YT",‘ xT’)u(Y{f ><T") for some T,T'T"eD,
TcT'eT”, and Y2, Y5, Y5 ¢ {D} ,which satisfies the conditions:
Yo 20(T), YUY 2o(T), Y ne(T) =D, Y ne(T") =35

d) a=(Y"xZ, )u(Y xT) (Y xT")u(Ys xD)
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For the complete semigroups of binary relations defined by
semilattices of the class =, (X,8) the following statements (see [7,

8])are well known.
Lemma 3.3.1.Let D:{Z7,ZG,ZS,Z4,Z3,ZZ,ZI,D}624()(,8). Then the

following sets exhaust all XI — subsemilattices of the semilattice D :
1) {Z,}.{Z6} {2} {2.} {25} .{Z,} {2} .{D} (see diagram 1 in Fig.
2.3.1);
2) {27’26} { } {27l 3} {Z Zl}’ Z,,D '{Ze’zs} {Z Z }’
Z,,D},{Z,, 7 },{25,5 {2..2,}.{2..D}.{z,,Db}.{z,.D},
Z,,D
(see diagram 2 in Fig. 2.3.1);
3) {2,.2,,0},{2,.2, D} {2,,2,,0},{2,,2,,D},{z,.Z,
{27,26,21},{27,24,2 {zG,zg,D} {2,,2,D},{z,. D}
(see diagram 3 in Fig. 2.3.1);
4) {27,24,25,0},{Z;.25,2,,0},{Z;,2,,2,,D} (see diagram 4 in Fig. 2);
5) {Z7,26.24.21},{27,24,25,D},{Z¢.25,2,,0},{Z;,25,2,, D}
(see diagram 5 in Fig. 2.3.1);
2,,2,,2,,Z, D} (see diagram 6 in Fig. 2.3.1);

6) {

7) {27,26,23,21, 5} (see diagram 7 in Fig. 2.3.1);

8) {27,26,24,23,21, 5} (see diagram 8 in Fig. 2.3.1).

Fig. 2.3.1 gives the diagrams of all XI — subsemilattices of D .

1HEG ST

Fig. 2.3.1

Definition 3.3.1. Let Dbe an arbitrary complete X -
semilattice of unions, o € B, (D)and Y;" ={xe X |xa =T}.If

V[a]=V(X",a),ifPeD,
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Lemma 3.2.14. Assume that D=(7,,2,,2,,2,,2,,Z,,2,,D| €3,(X.8).

If X is a finite set, then

R* (QS)‘ - 8.(2‘26\24‘ _1),(2\24\26\ _1).4\“21\ +8.(2\Z4\Zs\ _1).(2%2\2l _1 .4‘X\'j‘ +
+8.(2\23\Zl\ _1).(27\%l _q ,4‘X\D‘ _8.(2\24\23\ _1),2\23\21\ _(2\25\24\ _1),4‘“5‘
_8.(2\24\23\ _1).(2\23\21\ _l).4‘X\D‘.

By the definition of the semilattice D of unions we have

Qebx = {{sze’ Z,,Z,, 5}}

Now if
D/ ={Z,.2,,2,,2,,D}, then R*(Q,)=R(D;)and |R"(Q,) =[R(D})|-
Lemma 3.2.15.let D={2,,7,,2,,2,,2,,2,,Z,,D} €%,(X.8). If

X 1is a finite set, then
‘R* (Qs )‘ - 2.(2\25\24\ _1).(2\24\26\ _1).(5\5‘21\ _ 4Pl ).5\“5\

Lemma 3.2.16.Let D={Z,.7,,2,,2,2,,2,,2,,D} e%,(X.,8). If

X 1is a finite set, then
R (Q)] = 2-(25%1 1) 2020 (gl el ) (g g ).5\X\f>\ .
By the definition of the semilattice D of unions we have
Qb ={{21.24.2,,2,,2,,B}}

Now if D/={Z,.2,2,2,2,D}, thenR'(Q)=R(D/)and
R'(Q)|=[R(D))-

Lemma 3.2.17.Let D={Z,.7,,2,,2,,2,,2,,2,,D} ex,(X.8). If

X is a finite set, then
R (Q)|= (szuza\ _1).(2\z6\z4\ _1),(3\z3\z1\ _ %z ),B\X\D\
Theorem 3.2.1.Assume that D={7,,2,Z,2,2,7,2,D}e3,(X.8). If
X is a finite set and R,is a set of all regular elements of the

semigroup B, (D), then
IRy HR (Q)I+R*(Q)1+IR*(Q)I+IR*(Q)[+IR"(Q)[+|R"(Q) | +IR"(Q)[+|R"(Q,) -
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24(X,8) 33bol 49900569055 bEwemo X — Babgze6dglg-
900mbLSBOZOH0d0BIOE ToToOMGdIM LMo bobgzs®-
X3%39008 0lbgmo m30L90900lL dglfHogs,OHMIgdoE 0bsbgdosb
0BMIMOHBoHIoL OMU.

33930L Lspsbl Fomdmswpagbb L, (X,2), %, (X,3) @ Z,(X,8)
33bob 3590006705 LOo X = BobggsmAglgMgdo, s3Mg039
33030L  Logdbl  Fomdmoagbgb x,(X,8) bobyzs®dgbg®gdoom
239BLsBO3MME0 439w d0BIMYE FoBsMMGdIM LMo bobgzs®-
Xo0B9%0.

B6MA0L 3IG60IGIR0 LOSHLRY
6586880 30639@a yobobowgds 3, (X,2) ©@s %, (X,3) gwe-

Lob 299605690535 LEwmo X — Bobggzamdglig®gdom asblsbwg-
Mo 00bsmew  B08sMmgdsms LMo  babgzotxamngdols
§o3m0dabgro  LobiBgdgdo, sbg3g 3039w  gobobogrgds

24(X,8) 33bob 65b935039LgMYd0m ASBLIBEIONEO BOBIGVYE
80050905 LOMwo B, (D) bobgzstxanaol 3esbgdo, dmay-

dmeo  3sbol  bobgzsmaglig®gdol  m3z0Lgdgdo  4odm 33 oS
99150580L0 OsRMol dobgz00m.

Lol X bodsgEol  9dmbgggzsdo,  godmygzsbowros
2,(X,8) 3@sbdo babyzs®dgbg®gdol Hom@gbmdol smZzEol G-

I@ws,  s@fig®owos  Bmggdnwo  Jwsbolb  y3gws  J3gbabgga-
9LbgMd0 @5 SBLMIBgy  Tompdsb  godmymyowos Xl —dg9-
Bobggamdglig®gdo. Fgufagrowosy, (X,8) 3wabiol gmggwo D bo-
bg356MqLgMom  goblobuzdmo By (D) BobggomxamBgdol
009d3m@EJbGHWMM0, MMM Eo 9uqdgb@gdo s dsmo mgo-
190980. 00 Jgdmbggzs80 GmEs X LMo LodMsgEYs, Fsdmy-
356005 000983MmGHPBGHMO0 s OgAMWIBHwo  gagdgb@gdol
5009600l IMZEOL BMOTMEgdO.

9m39dMo  bygombgdol glfogws doErosbo  gyeHEbmds
299000056905, LOMEWo X — BobggzomIGugHOL doMoms M30LY-
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098L. 658030 JowgdEds 99ga0ds Ima33s 0dol Lodwysergds,
™3 30L5POM™ 53 bsbgz9MXFMIROL MedMg ™M30LgdsDY. 396-
dm@, 993l vy oMo Aol obrx39bs JOMIMEGdO, HMYMO sGMOL
53900 dobo 0@EIZMAIBGHNO0 > CIFIWIOYWO  Jergdgh-

39%0. gb JqLadegdgEros Im3gdweo BobgzsMmRAMBOL 2sbALbsBE3-
900 bobg35m3gLgMHOoL Fglodedol 0sa™Msds®Hg oyMEbmdOm.

058(M33RIZ0L d0GOMSKO 3IMMKIB0

3bmdoos, ®MI BobgzoMxamzol 0©ad3mEHbEmMo gargdgb-
G300, 35@IbGOZ30 JONIWYO0, CIFILIOYO 9Jergdgbdgdo, dsg-
LodoMo 939X AB9d0 3603369eMzs6 MM SuEHEgdgb boby-
390X AMBDS OLEMIIBEX0 M30LYdIOOL (9.0., OGO MZ0LYdJIOL,
H0IgdoE 065bgd056 0BMIMOHROBIoL MMU), BgLfogersdo.

LoobgOGogom  653GMAdo  Bobggobxamzms  m30LgdadoL
d9bfogems bogds BobggzamdglgMms m3z30lgdqd0L  LsdwysEgdoom.
0065w J0FsMMGVoMs OO  bIbY39OXAMBIOOL  VLEMST-
Ao m30L90900L 36083600 mgzs60 bsfowo doMomswaw gsbo-
LoB3gMYds 08 2ogMM0bgdsMs LEO X — babggzsmIguggdom,
H0Igd05 35bLsBWIMO396 Im(39dmEo 3eabol gargdgb@gdb.

653G:Mm3do 2o9m0ygbgds IgbgHms MgMMO0L, bobgzsMx MBI
90MH00b, LOIMHZWIMNS MJMMOOL s 32300bsBHMOHOZOL BrMYs©O
9900M@oO.

653@M30L 300dB03IRN RS MIM@OIRNO ROAISIRIdS
LoOLgOGSE30M BsdOMTo 5BMGOL JOMOMIPI® MNYMOOI

bslosmb. Bsdmmddo dowgdmwo 99gagdo dgodergds dgdymad

390mygbgdemo  0dbsl  BobgzotxamBos s 6sbg356mIglgmos

399:331g390do0.

ROLIOBSCGO0L LEGIIBADS RS 3MBIRMdS

LoobyMGsgom bsdMmdo Fgagds dgbogerol, 3 msgol, o3
539080 899535000 8 35M5gMox30Ls s 4 IBIMMOLOYD. bodEIm-
ol LogMoM IMEMEPMDS SMOL 3MIZ0MEINOM 3503EMDYdNEO
202 3396©0(Fsmysb 143 23900 bsdMM™Aol doMomso bsforos,
5656B9b0 30 ©sT5@3Y09d0).

Qb ={{2:,2,,2,,2,},{2,,2,,2,,0},{2,,2,,2,,0}.{Z,,2,,2,,D}}
Now if

D ={Z,,2,,2,,2,},0;={2,,2,,2,,2,},D; ={Z,,Z,,Z,,D}, D':{Z7,23,ZA,D},

D; ={2,,2,,2,b},0; ={Z,.2,,2,,0},D; ={Z,,Z,,Z, D} =2,,2,,2,,0},.

Then by we obtain

Q)= uR(DUER{DUER

Lemma 3.2.11.LetD={Z,,2,,Z,,2,,Z,,Z,.Z,, D} €%,(X,8).. Then

(DU h,

R0

the following equality is Valid'
R (Qs)|=

—‘R (Dy r‘R(DA)E ‘ (Dz)mR(Dé)
~-|R(D;)"R(D4

Lemma 3.2.12. Assume that D'={z,Y,Y',YuY'}and D" ={Z,,Y,,Y,\Y, UY,}

are elements of the set {D],D;,D;,D;,D;,D;} such that D'=D",
Y,2Y, Y/'oY'and a quasinormal representation of the binary
relation « of the semigroup B, (D) has the form
= )T (¥ T )oY xT" ) O (Y x (T UT"))
Where T,T'T"eD, Tc<T', TcT"Y Y5 Y5 e {&} .Then
a eR(D')nR(D") if and only if
YoOY oY, Y OUYS oY YT Y =, YO NY =D
Lemma 3.2.13.Assume that D'={Z,,Y,Y',YuY'}and
D"={Z,Y,.Y,.Y, uY,} are elements of the set {D,D;,D;,D;,D;,D;}
such that D'#D", Y, 2Y, VY/oVY'if Xis ofinite set. Then
following equalities are valid:
R(D;)AR(Dy) =427 (2% 1) (2] _1). 4"

|R(D2')m R(D )| 4. (2\24\23 _1).2%\4l. 2\26\24\_1)_4‘X\D"
IR(D; mR(Dé)|:4.( g2zl _q) (gzal _q). Xl
|R(D; mR(Dg)| :4,(2\4\21\ _1).(2\24\23\ _1).4\X\5\.
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for some TeD, Z, cT < Dand Y/ ,Y{,Y{ & {D}, then
a eR(D')nR(D") if and only if
Yo 2Z, YUY DY), Y AY =D, Y AD = @.
Lemma 3.2.7.Let D={Z,2,Z,2,2,2,2,D}ex,(X,8). If
X 1is a finite set, then the following equalities are valid:
[R(DY) AR(D3)| =11-2%%]. (2% 1) (87 _ 2%l ). g7,
|R ( Dl’) AR ( D; )| —11. 2%z (2\26\27\ _1) . 3"5‘21\ _ 2\5\21‘ .3"(\5\ ,
R(D;)"R(D;)[=11-2%%! (27! —1)~(3‘f"zl‘ g )-3‘*‘5‘.
Lemma 3.2.8.Let D={Z,,2,,Z,,2,,Z,,Z,,Z,,D} e%,(X,8). If X
is a finite set, then
[RY(Qu)] =11 (2% 1) (851 20l ). 3101 111, (2241 ). (3041 gl ) 310
+11-(2%171 21) (301 -2\ 30T (251 1) (30 - 2. 3101
VL1 (21 1), (301 20V ). g g, (gt _q). (475 gl ). gt
_11. ozl .(2\26\27\ _1),(3\'5\2:\ _ bz ),3\“5\ _11. 9z ,(Z\ZA\L\ _l)_(swmzl\ _Z\D\zm)g\xm\.
By the definition of a semilattice of unions we have
Quby ={{2,.2.,2,,0}.{2,.2,,2,,5}.{2,,2,,Z,, D}
Now, if
D/ ={z,.2,.2,,b}, D, ={Z,,Z,,Z,,D}, D; ={Z,.Z,,Z,,D}
Then by we obtain
R"(Q,)=R(D/)uR(D;)UR(D;)
Lemma 3.29let D={Z,,2,2,2,2,2,2,D}eZ,(X,8).
Then|R*(Q,)HR(D)|+|R(D;)|+|R(D;)I-
Lemma 3.2.10.Let D={Z,,Z,,Z,2,,Z,,Z,,Z,,D} eX,(X.8). If
X is a finite set, then
R (Q,)|=3-(2241 ~1) (3512 — 9124, (302l — gl ). 4171
+3. (2\26\27| _1> . (3\zl\zs| _olz\Z ) . (3|f>\z1| _olb\z| ) ) 4\x\f>\ 4
n 3,(2\zs\zy| _1) . (3\za\za| _ 97zl ) . (3\ﬁ\z3\ _ 9lb\z| ) . 4\“5\.

By the definition of a semilattice of unions we have
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6580(M30L LSIGDNM RILSLOSMIdS

I-osg30
2, (X,2) s 2, (X,3) 3amsbiols 6sbggamdglig®gdoom gsblisbagHryeo
0BG 80856000500 LE¥o B, (D) Bsbggstxamsgdols
§o®3majabgero Loldgdgdo

9390 6536m3do  yobboerygos £ (X,2) ©o Z(X,3)
3@bgdol D a59Mm06gdsms X — Bobgzsm3glighgdom 4sbLabmg-
G0 d0bsOEw 8086Hmgdsms Lo B, (D) Bsbggzotxas-
33900L HocdmdJdbgero LoliEgdgdo.

®gme98s  1.1.13029350,D = {D, 2,7, Zm—l} 6980b8ogHo  gogm-

205698505 bG2Iero X — bsbgzs®dgbghos @sC(D)={P,R,P,,...P,,}

s P Py Py g

6ol X bodmsgcolb  fy30e7-y30ers@ 05657933900 J396000s3-
g G xsbo  (35M0grod bodmszang  Jgodemrgds  (sd-

@699 35609 l). 029 sHObLIGZS D bsbg356G89L96G0bs
bod&sgergos C(D) axobby, Gedgcmog  53059250¢98L  G90©098

30685
(D 2z 2,.2,,
¢ PO Pl PZ b Pm—l

@D, =D\D; , 5806 bss602¢n0sb0s Fgdogso eaermBybo:
D=P,UPUPR,U..UP,
z-po U ol) (1.1.)
TeDy,

399009800 50 GHMMdYdL 3(MEId BMOTSE  GHmEm-
090U.

059()30(3909005, ®MI v D bobgzsm3glghol  gargdgbdgdo
Fo®dmpgboos (1.1.1) Lsboom, 85806 P, (0<i<m-1) LodGsgmggdl
Mol sOBYGIMBL obgmo, GmIgmog 396 0dbgds D -mz30L 3sMogeo
LodMsgang. sbgo P, LodGMoagugl  gfimads dsBobMo fgo®rm, 9539

©Hmb obgor P, (0< j <m-1) Lodesgagl, Gedgewog 3godagds ogels
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396090 LodMmsgwyg, ghimogds LobogLol FgoMm. sdEHI0EJOE0S,
3 sbobgolsl dsBolmE Hgsmml sdxsMs3 gurgdgbdoms Momwg-

Bmds ymgzgwmzol gMmol Gmeos, bmwm Lolagbol FysOml ©sdgs-
6530 9gdgbBgdo 96 o6 sMLGdMDID, 56 Fom0 MoMEYbMds g os 1-By
(ob [1],0530 11).

300935m, By, B, P,,...., P,_; 04ml 363060 Gmermdgdol  3s6ro-

89900, peB, (D)©d

iU myue o U (i00)

teR t'eX\D
S 8085609056 gfm©gds S 80bsGvmo 308s60mgd0l J39335%0-

B®H3sermEo fomdmeaqbs.
099 560 fB0bstrrmo 308560900 39335B06mGIs@Ho

Fo®Bmygbs, 85906 S 80bsG¥mo 303s6r09d0lm30lL LsdsHMosbos
8990930 ©IdYIBIOO:

a) feB, (D);

b) B B;

C) B 3065600 300560400l J39335D0bmGTow®o Fo®dmoyg-
Bs s60b 335D0bMOscM0;

d) oy

B - ( R R Pm_l_j
RA BB .P.B)

85806 B, 560l 3bsbgs C (D)= {Po, 0 Py Py} B0BGgag000
caxsbols D = {D, Z,Z,,.., mel} u{ }bob@gab‘bg;

e) 09 B, X \D — D 560l sbsbgs, H®®Igeog 93059m530¢9dL 306 0-
B3b B, (1) =t'B gmggaot’ € X \ D -mgob, 85806

7- u[Pwa] U (it} A ().

teR t'eX\D

8936086mm, O3 0P, (0< j<m-1)560056 obgmo bobsglbol
09456mgd0, OG@IP, =, 85806 ymzgeromgzol LOMEIdS GBS

8

Then from we obtain
R*(Q;)=R(D;)wR(D;)UR(D;)
UR(D;)UR(D,)UR(Dy)
UR(D;)UR(D},)UR(D})
Lemma 3.2.3.Let D={Z,2,2,2,2,2,2,D}e%,(X,8). Then
IR"(Q)HR(D)) I+ R(D;)|+IR(D5) - R(D;)|
Lemma 3.24Llet D={Z,,Z,2,2,2,2,2,D}e%,(X,8). If

R(D})UR (D;)UR(D)u

v
UR(D},)UR(D};)UR(D,,)u

X is a finite set, then
IR (Qz) = 15.(2\6\27\ + 2\5\25\ 4 Z\D\zz\ B Z\D\zl\ _2).2‘X\D‘
According to the definition of the semilattice D we have
Qby =1{{2.2,,0}.{z,.2,,0}.{z,.2,,D}.{z,,2,,0}.{2,,Z,,D},
(2,,2,,2,}.{2,.2,,2,}.{2,.2,,2,}.{Z,,2,,D}.{Z,.,Z,,D},

{2,,2,,B}}.
Now, if
D/ ={z,.2,.D}, D, ={2,.2,,D}, D; ={Z,,Z,,D}, D; ={Z,,2,,D
D.={Z,.2,,D}, D; ={Z,,2,,Z}, D; ={Z,.2,,Z,}, D; ={Z,,Z,.Z,}
D; ={Z,.2,,D}.D}, ={Z,,2,,D}, D}, ={Z,,2,,D}

then by we obtain
R"(Q,) = R(D})UR(D;)UR (D)) UR(D;)UR(D

Lemma 3.2.5.Let D={7,,2,,Z,2,,2,,2,,Z, 5}624(X,8).Then
\R*(Qs)\=\R(D1)+\R(
-|R(D;)nR(D; mR(D)
Lemma3.2.6.D'={Z7,Y’,D}andD” {Z7,Y1, } whereY1:>Y .

If a quasinormal representation of the binary relation « of the
semigroup By (D) has the form o =(Y;* xZ; ) (Y7 xT)u(Yg xD),
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Let further, D,D'ex’(X,D)and 4, =X}, (X,D)xZ}, (X,D). It
is assumed that DY, D’ if and only if there exist some complete
isomorphism ¢ between the semilatices D and D’. One can easily
verify that the binary relation 4, is an equivalence relation on the
set 2}, (X,D).

Let the by symbol Q,9,; denote the 9, —class of equivalence 4,
of theset =) (X,D), whore every element is isomorphic to the X —

semilattice Q, and
R'(Q)= U R(D')

D'eQ 9
Lemma 3.2.1. If |(Q)|=m,, then the following propositions are

valid:
@[R(Q)[=1;0
(b)[R(Q,)|=m, (2" -1)-2;
(©[R(Q,)|=m, _(Z\T"\ﬂ _1),(3\‘5\?’\ B Z‘T"\f")'s‘x\f”‘ :
(DIR(Q,)|=m, -(z‘m‘ 71) _ (3\?\?\ Py ) . ( 401 _ g ) PCR
(&)[R(Qy)| =2-m, (27 -1). (2771 1) 44T
OB(@ -2 m {25 ) -
(g) ‘R(Q7 )‘ =2:m .(2‘26\27‘ _1)'2‘@3“1)\26‘ '(3‘23\21‘ —2‘23\21\ ).(3\21\23\ _2\21\23\ ).S‘X\D‘ :
() |R(Q)| =m, .(2\?4\23\ _1),(2\2’5\24\ _1).(3\23\21\ Py A ).6\><\|j\ .
Lemma 3.2-2'Let D= {27’25’25'24723122121| D} 624 (X,S) . If X iS a

finite set, then

R'(Q) =8
By the definition of the semilattice D we have

Q,0,, :{{27,D},{zs,zl},{zz,D},{zl,D},{z7,zs},{z7,24},{z7,z3},
(2,,2,}.124.2,},{2,.2,}.{2,.D}.{2,.0}.{2,.2,}{z,. D}, Now if

2.5}
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PJ. B=D. 3b939 sOLgdMRdL  obgmo  dd3BoLwMo  fygsOmgdo P
(0 <i< m—l) ,6Holomzobss Utﬂ =J,90. PA=0.

teR,
0906935 1.1.23009s0a, B € B, (D) Bs8obaoff=aof .
wqds 1.1.13009200, D = {Zl, D} €%,(X,2),8B :{a B, (D)IV (X" a)= D}.
o B=@, 8806 Boscolb B, (D)bsbygetysamol st

998969005 Lodbsgeny.
9900990 1.1.1 3099350, D ={®, Ij} €2, (X,2) @oB:{ae B, (D)|V(X”,a):D}.

05006 bs0skorerosbos dgdogso @g8:1¢r98980:

1) o [X\D|21@sZ, =@, 806 a=XxDs6 [s6dm0gdbyds
B bodmsgerolb  9¢n9896996007;

2) 09X =D @sZ, # D, 9806 o =XxZ 56 fs650020/96985 B
bodkszerol 9em909659600;

3) 09X =D @32, =3 ,85806 a=B s a=XxDo6 [s6-
00540698056 B bodmsgerol 9¢n989b598007;

09m®9ds 1.1.3 3029350, D = {Zl, D} €%, (X,2). oo

B={aeB,(D)|V(X"a)=D},

05906 bsGsGor¢rosbos 990980 ©0989¢n98980.

a) oy |[X\D|21@sZ, #@, 8s806 B ool By (D) bsbggs-
X899%0b 05993560 P0204069¢70 bodMmogeny,

b)oy |X\D|21@sZ, =@, @806 Bu[xxD}sBob B, (D)
65b9256Gx89%20b 5993560 Ps330d4069¢70 LodMmsgery;

C) 09X =D @sZ, # D, dsdob BU{XxZ,}s6ob B, (D) bsbggst-
X899%0b 057993560 [s(3mdHd690m0 LodMszcmg;

d) 09X =D @2,=3, ddob BU{D,XxD}sGol B, (D)

65b92560x89%20b 59935060 fstr330d)069¢m0 LodMHsgeny.
89000301.1.2 20092500, X bosb&eaemer bodmsgemgs, D:{ZI,D}ezl(X,Z).

05806 B, (D) b5b9350x89%30b ©@s799356 B' fot3addd69¢rors bod-



33070l 9¢n9096902s  B302@96080Ls030b  bsdstrorgrosbos  dgd-
@730 @IBIL98900:
a) 07| X \D|21 @52, # B, 8s80b]B|=2"-2;
b) mgy|X \D|ZlgooZl =D obX=D @272, D,
8s80b |B| =2 -1;
d) X =D sz, =D, 8sd06|B'| = 2.
3963568 g051.2.1.3909380 B, ©5 5, 99896398l 9fmmgdom
B €B, (D) 830656¥em0 808560980 BmGsm©0 ©s ©05HIO0MO
sbsbggdo.
09nMg8s1.2.1  300d35m, X LolBenm  LodMsgmwgs  ©o
a,B B, (D), 35806 65gd0ldogeo B dobstveo dodstomgdol S J39-
335B0b0mmIomeo  Fomdmygbolsmgol Lewmgds acf=acf
AM™dS (0b. §oboogds3.0.1).
0gm6g3s> 1.2.2.300g350m, B 560U B, (D) bobgzacxamzol 6gdol-
90960 omdmdJdbgems bobEgds. mv) 6gdoldogho a s d -m30b,
509010 BLodMsgwob s Le B 00bsemo  80dsMmgdols
f B, (D) 9393350060050 M0o 5@y gbolsmgol  LOm@gds
MAO@ODS a =50, 85806 a# 5o B 306mds 939 LsBOMWO0s-
boo.
®gmegds 1.2.3. godgem, D={Z,,2,D} e, (X.3)@>Z, #D.

o E{ (D) 560 B, (D) Bobggatxangzol gggwms dstixggbs g6ong-
2ol LodMsgwy,

0,=(2,%2,)V((X\Z,)xZ,), 0, =(Z,xZ,)u((X\Z,)xD),
)

0, =(2,%Z,)U((X\2,)xD), 6, =(Z,xZ,)U((X\Z,)xD
@JB'={01,02,03,04},(9.)29058=E§(r)(D)uB’o(ﬁobB ( )

65692560308 1030L 05993560 sr0a8069¢m005 bolihgds.
39909380 0geolbdgds, Mmd Z, =

10

7
Z,)2D, Y np(Z,)2D, Y no(D) =D .
(8 a (Y"‘xZ ) ( xza)u( “%Z ) (Y xz) (YO“XD)
for someY," Y., Y,",Y," ¢ {@} YUY 20(Zg)s Y OYOYS 2 9(Z,),
YEOYE OV 20(2,), Y& no(Ze) %Dy YE np(Z,)# D Y () %D
(h) a=(Y;"xZ, ) U(Ys xZ ) (Ys %2 )U(¥5 xZs) (% x 2, )u(Ys D),
for some Y Y2 Y Y ¢ (@}, Y7 20(Z7), Y7 VY5 20(Z5),
YUY 20(Z4), YUY UYS 20(Z3), Y5 ne(Zs) =D,
Y np(Z,) %D, Y5 np(Z3)#D.
Now assume that DeX,(X,8). We introduce the following

for someY,",Y.",Y,”,Y," ¢ {@},Y“uY 20(Z;),
YUY 20(Z,), Y& ne(Zg) =

notation:

(1) Q ={T},where TeD;

(2) Q,={T,T'},whereT,T'"eDandT cT';

(3) Qy={T,T'.T"},where T,T,T"eDandT cT'cT";

(4) Q4:{27,T,T’,D},whereT,T'eDandZ7cT cT'cD;

(5) Qs={T,T,2,T'LZ}, whereT,T'ZeD, TcT', TcZ,

T\Z#2J,andZ\T'#J;

(6) Qs =127.2,2,,2,,D};

7) Q=1{2,.2,2,2,D};

®) Q=1{27,25.24.25.2,,D}.

Denote by the symbol 2(Q) (i=12..8) the set of all Xl -
subsemilattices of the semilattices D isomorphic to Q,. Assume that
D’'ex(Q)and denote by the symbol R(D’) the set of all regular
elements « of the semigroup B, (D), for which the semilattices
V(D,a)and Q are mutually & — isomorphic and V (D,a)=Q .

Let the symbol =/, (X,D)denote a set of all XI - subsemilatices

of the semilattice D .
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semilattice D of the class %,(X,8) are subsemigroups of this

semigroup.
Definition 3.1.1 We call an element «taken from the
semigroup B, (D)a regular element of the semigroup B, (D)if in

B, (D) there axsists an element g such thet aofoa=a..
Theorem 3.1.1Let D={2,,7,%,2,,2,2,,2,D}e%,(X,8).

Then a binary relation « from the semigroup whose quasonormal

representation has the froma = U (YT“ xT)will be a regular
TeV(D,a)

element of this semigroup if and only if there exists a complete ¢
o —isomorphism from the semilattice V(D,a) to some

subsemilattice D’of the semilattice D which satisfies one of the
following conditions:
(a) a =X xT, for some element T € D

(b) or = (Y xT ) (Y, xT"), for someT,T'eD, T =T,

YEXE 2D Y o(T), Yy ne(T) 2D ;

(©) a =Y xT) (Y xT") (Y xT"),

for someT, T, T"eD, T<T' cT", Y7, Y. Y ¢ {D},

Y 20(T), YUY 20(T'), Y ne(T) =D, Y ne(T") =D
(@) a=(¥xZ; ) (Y <T)u(Y xT')u(Ys x D),

for someT,T',ZeD, Z,cTcT'cD, Y, Y, Y5, YS ¢ {D},
Y 20(Z,), YUY 20(T), YUY UY 20(T'),

Y no(M)23, Y ne(T)#D, Yy np(D)=D;

(@) a=(Yy xT) (Y xT)U(Yy xZ ) U(Ys, x(T'UZ))
forsomeT, T, ZeD,TcT' ,Tcz,T'\Z220, Z\T'2J,
Y Y YE e (D) YUY o p(T'), Y UYE 20(Z), Y ne(T) =D,
Yy np(Z)#D;

() a=(Y7 xZ, )oYy xZs )Yy xZ, ) (Y xZ, ) (Y < D)
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@qdsl.2.1. gorglgo0, D= {@,Zl, D} €3,(X,3) @3B :{a B, (D)|V (X“,a) = D} :
059ob bsdstorenosbos dgdogso ©g8:9¢796980:.

a) B # @ 85806 s dberaemeago 85806, Gegs| X[ 23 ;

b) Rb,=ND=g, R=D\Z @sP, =Z,;

C)oma=5-5, 6960bdogho a<B-oz0l @6, eB, (D)-
030b, dsdob \ (D, f)=D;

d) 0| X|23,85806 B fs@demswgablBy (D) bsbggstxaeyools
8569 9¢n9d9b6Hs bodMHszemgl.

©g851.2.2.3005509, | X| 23 oD = {©,2,,D} e%,(X,3),05006  bs-
Js600¢m05605 89000950 ©989¢98980:.

a) 2,5=3, DB =2,9m39¢0 B € B -0930L85806 5 dbmerm@
ds8ob, Beags [X\D|21;

b) z,5=Dp=2,9039¢0 € B -0330L85806 @5 beagmeago dsdob,
@egs|X \D|=1;

C) 2,8=Dp=3 gm39¢0 f € B -0330685306 Q05 dberemero dsdob,
Begs|X\D|2 2.

B,, B, o B;Loddmemgdom s03603bmm 899gao LodGMsg-
@wygdo:

B, ={@ e B, (D)|V(X",a)={z,D}},
, ={a B, (D)|V(X",a)={2,D}},
,={aeB (D)IV(X",a)={2,2,}}.

B
B

B,, B, B, LodMsgmggdol o63s03Hgd9d0©sb  wgdoserm
3900 030bs6gmdL, Hmd B, "B, =B NB,=B,"B, =&.
@g851.2.3.3077/250,|X| 23, D=12,2,,D} e %, (X.3) @3
B={aeB, (D)IV(X",a)=D}.

059ob bsdstorenosbos dgdogso ©g829¢796980;
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a) B, u{X xZ,, X x D} bodmsgerols 9¢m9896(5980 56 [s6dm-
09069858 Lodmsgemols 9¢n9896(598007,
b) ooy |X\D| <1, dsBoba =D gargdgbHo 56 fsodmoddbgdsB

bodksgemol 9¢n9696(998007,
C) 09X =D, 85806 B, bodksgerols 9cn9896(9980 56 fst3c-

09069858 Lodmsgemol 9¢79896(998000.

@3651.2.4.309j3a07,|X| >3, D= {@, Z, D} €%, (X,3) o

B={aeB, (D)|V(X",a)=D}, 1, =(Z,x@)((X\2,)xZ,).

05906 bsdst0r¢nosbos dgdogso ©g8:9¢796900:

a) oyl |X \ D| >1, Gsdob B, U B, bodmsgerol 9emgdabBgdo fscr-
00540696056 B bodmsgerol 9¢n989b598007;

b)ow X=D, dsdob B, bodGsgerol gcm9dgbdgdo  Fst-
dmodd698056 BUB, L { 7/0} bodmsgemol 9¢9396(598007;

C) o) X=D, 8806 B, bodmsgerol g9em9d9bBd980  [otr-
dm0od4d698056 B, L {}/0} bodmsgerol 9¢79896(99800>.

¢g0s1.2.5. 3mj3307,|X| >3, D= {@, Z, D} €, (X,3). o9
|X \ I5| >1, dsdob B =BUB, fstdms@ggblB, (D) bsbggstasonols
3299356 p3&3d4069¢r00s bobigdsl.

©g851.2.6.3005350, |X|23,D = {@, Z, D} eX, (X,3) @s
B={aeB, (D)IV(X",a)=D|, B ={zeB, (D)IV(X",a)={z,D}},
Yo =(Z,xD)U((X\Z,)xZ,).
@X =D, 85806B; =BUB, U{y,} s60LB, (D) bsbggscxgeymolb
5993560 Ps63802d4069¢700s Lob9m0s.

@g851.2.7. 3075507,|X| =2, D={2,2,,D} €%, (X,3). dsdob
B=0 s B, =B U{y,} bodbsgeng Fstdeswgabl By (D)
6569256038 9030L 0599356 Fs8023969¢70s LobHgdsb.
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Lemma 23.8 D={Z,,2,,2,,2,2,,2,Z,,D} €%,(X,8). If X isa

finite set, then the number |I* (Qs )| is calculated by the formula
‘ | (Qs )‘ _ (2\24\23\ _1).(2\26\1:\ _1).(3\23\21\ _olz\z ).G‘X\D‘

Theorem 2.3.1Let D={Z,,Z,,Z,,2,72,,2,Z,,D} €%,(X,8). If X
is a finite set, |, is the of all idempotent of the semigroup B, (D)
then

o Q)T+ (Q)I+117(Qa) [+117(Q,) [+
Q)1+ 117(Q) 1 +11° (@) 1411 (Q)

Let us denote by the symbol G, (D, ¢)a maximal subgroup of
the semigroup B, (D), whose unit is a idempotent binary relation &
of the semigroup B, (D) and describe maximal subgroups of the
semigroup B, (D) defined by semilattices of the class D e £,(X,8).

Theorem 2.3.2 If D €3, (X,8) then for any idempotent binary
relation & of the semigroup B, (D) the subgroup G, (D,¢) of the

semigroup B, (D)is a group whose order is equal to 2 at most.

Chapter-III
Regular Elements of the Semigroup B, (D) Defined by Semilattices

of the Class ¥, (X,8)and their Calculation

The paper gives a full description of regular elements of the
semigroup B, (D), which are defined by semilattices of the class
Z (X,8). Formulas are derived, by means of which the number of

regular elements of the semigroup is calculated when X is a finite
set.

At the same time in this article, we prove that all regular
elements R, of the complete semigroup B, (D) defined by an X —
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* _ (9lZ6\2a] _q). oI¥\2Z4 2zl _1Y. oX\z4] 25\2,] [22\Z5] _ o), olX\Z
1"(Q)|=(2 1)- 2% (2 1)-2M%0 4 (22712 2)-24 4
+(2\Z1\Zv\ 2SI LA I AT _4),2\><\Z1\ +
+(2\c’>\z7\ + 2\:’)\25\ + 2\6\25\ . Z‘B\ZA‘ + 2\5\23\ + 2\6\22\ . 2\5\21\ _ 7). Z‘X\D‘.
Lemma 2.33.let D={Z,,2,,Z,,2,2,,2,Z,,D} €%,(X,8). If X is
a finite set, then the number | 1" (Q )| is calculated by the formula
‘I* (Q3 )‘ — (2|zs\z7\ 71)_ 3|D\zs\ 72|5\zs\ _3\><\D| +(2\24\z7\ 71). 3\0\24\ _ 2|D\ZA|)'3\X\D| +
+(2\zz\z7\ 71)_ 3|r3\23| _ 2\1‘“)\23\ _3|><\D\ Jr(2|z,\z7\ 71). 3\D\le _ 2\[3\2,\ .3\X\D\ +
422z _1), 30\l _ olB\zil) gIX\Dl | (olZ:\Z:1 _q ,(3|z3\za| _9lZ\Zl) gX\zal
+ 2\25\27\ _1) 3\21\25\ _ 2\21\26\).3|><\21| + 2\24\27\ —l)- 3\z,\ZA| _2\21\24| .3\x\zl\ +
+(2\z3\zew _1) 30zl _ 2uﬁ\za|).3|xm\ +(2\z1\z5| _1),(3\5\21\ _ 2|D\zl|).3\xw3| 4
+(2\zl\z4| _1), 30\l _ 2|D\zl|),3|xui|.

Lemma 234.letD={7,,2.,2.,2,2.,Z,Z,, D\ ex,(X,8).IfX isa
71461465164 531452 41 4

finite set, then the number |I* (Q, )| is calculated by the formula
1°(Q,) :(szuzm _1),(3@\@\ _szl\zaw)_ 423l _ gl 4kl
4 (2\25\27\ _1)'(3\21\26\ _ 2\21\25\ ) 4\0\21\ _3\0\21\ .4\><\[’>\ +
+(2\zs\z7\ _1).(3\23\26\ _ 9%zl ) 4\6\23\ _3‘5\23‘).4‘X\D‘.
Lemma 2.3.5. Let D ={Z,,2,,Z,,2,2,,Z,2,,D} €%, (X,8) . If X
is a finite set, then the number |I1"(Q,)| is calculated by the formula

‘I* (Q, )‘ - 2,(2\23\21\ _1).(2\21\23\ _1).4\><\f>\ .
+(2\Ze\24\ _1).(2\24\26\ _1).4\><\zl\ +(2\24\zg\ _1).(2\23\24\ _1).4‘“3‘.

Lemma 2.3.6.D0=1{2,,2,,2,,2,2,,2,7,,D} €%,(X,8) . If X isa

finite set, then the number

1" (Qs )| is calculated by the formula
1" (Q, )| _ (2\25\24\ _1)_(2\24\25\ _1)_(5\D\z1\ _4\0\21\).5\><\D\

Lemma 23.7.D={Z,,2,,2,,2,2,,2,7,,D} €%,(X,8) . If X isa

finite set, then the number |I* (Q, )| is calculated by the formula

‘ " (Q7 )‘ _ (2\26\27\ _1).2\(zzmzl)\zﬁ\ _(3\23\21\ _2\z3\zl\ )_(3\21\23\ _2\zl\z3\ )_S\X\D\
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09gm@98s1.2.4. 3023500, |X|23, D = {@, Z, D} €%, (X,3). oy
B={a B, (D)|V(X",a)=D}, B ={acB, (D)IV(X",a)={z,D}},
Yo =(Z,xD)U((X\Z,)xZ,).

05306 bsds®orerosbos d9dgao ©98:9¢798900:
a) 027 | X\ D|21,85806B U B, bodtsgerg fskdms@agbb By (D)

6569256038 1030L 0599356 Fo®3GH869¢ s bobdgdsl;
b) ey X =D, 8s806 BUB, U{y,} bodbsgang Fskdmsoggbl

B, (D) 65692560308 1930L 0599356 fs30G869¢00s bobdgdsl;
C) oy |X| =2, s806B, U{y,} bodsgang Fo@dcmscoggbl By (D)

6569250x89030L 0599356 F®80239369¢705 LobHgdsb.
09m»9351.2.5. 3095200, D = {@, Z, D} e%,(X,3). oy X bsbGey-

a2 bodMsg¢mgs QDJ|X| =N, Gs30b UbsBstroremosbos dgdogao ©9-

890198900
a) mg|X \ D| >1,d5806 |B U Bl| 990963025 H5209b2ds, 509-

B8«9emo B U B, bodMs3¢70056, (H02¢m0s
|BUB|=3"-2""+1;

b) o7g|X|23, X =D, 3,=(2x2)u((X\2,)xZ,), Bs8o6 [BUB, U{y,)|
Je9096h05  Goa0gbmBs, s98rpemo  BUB, U{y, | bodtsgeropst,

A0
|BUB U{}[=3"-2""+2;

¢) oy X|=2, 8s806 |B, U {7172 }| 9298965025 GBsmqpgbeads,
5@9829em0 B U7, } bodmsgero@sb, (heaemos|B, Uiy, )| =3.

13



II - osgo
2,4 (X,8) 3amslolsbabygs®dglin®ndomysblisbmgrymo

B, (D) Babggatixarigobogddmdgbdmogegdbbgdo

903909380 dmygzs60wos D={Z7,ZB,ZS,ZA,23,ZZ,21,D}gbgﬁ)—
05690505 X — Bobgga®dglgMol gmGmTomo @Gmermdgdo. Levy-
@@ 360L  2dmEdnwo T, (X,8) 3wobol gdg®m0osbgdsms
LEOHMEo X — Bobggzamglg®gdom goblsbwgMmen dobstwyen dodse -
®9d505  bLOMo B, (D)Bsbggecxamsgdol  0@gddmdgbémeo
9098963900, LabEOIEM X LodMsgwol 8gdmbggzsdo Bmgdweros

F9LsdsTobo  Bobg39MX MBIl  00gI3MBHIBGHMO  gEgIgbEHMS
6500096Md0L godmMmLom3wgeo BMMIMEadO.

309350, X 305356090 LodMs3engs, D 5MHOL JogMm0sbgdsms
LEOHYEo X — bobgzsmTglgeo, 9.0. 5M0OL X LOIMIZEOL sOSFIMOYED
d39L03GM3Egms obgmo LodMegery, GMIgwog bho3gdowos D -l
9w9896&9d0L 09MOO0E-0IOSZWMO 299600056930
390530900l odstmrm, f  sMolL sbsbgs X  LodMmsgerols D -do.
05806  gmggemo  sbgmo  f sbobgobomzgol X LodMoegargbyg
23960LsBOgMads @ BOBIMEOT0ToMHMYds, MMIgoE  0309Ym-

3093l 9809 30OMB

o = ({xp< T (x)).

xeX

439w SBgm & BobsMYYE B0ToM0GdSMS LOTMHZeNY

(f:X—>D) 50060d6gds B, (D) ULoddmmmmo. @30
93060905, ®md B, (D) Fomdmowagbl 6sbggs6xanal dobsmyye
0005OHmMYdsms 25965300l Mm39Mo300L  F0Tomm, BTGl

9h™m©gds D a59Mm0bgd0ms LHo X — babgzsm3qlg®oom gob-
LoBEZOO B0bIGMEN F0ToMHMNYOsMS LOYEO BobgzsGxaMa30.
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Lemma 2.2.3.The following propositions are true:

a) || (Q1)| =1
b) || Q )| _ 2\T'\T\ _1).2\X\T’\;
c) | (Q )| (Z\T'\T\ _1).(3\T~\T'\ _2‘T”\T’\).3\X\T"\;
d) || ( )| Z(Z\T\L\ _1)'(3\T’\T\ _Z\T’\T\).(4‘5\T" _3‘D\T").4‘X\D‘ :
e) || Q5)| (Z\T \z| ) (Z\Z\T’\ _1).4‘X\(T’UZ)‘;
f)| (Qs )| (2\26\24\ ) (2\z4\zﬁ\ _1).(5\5\5\ _4‘5\21‘).5‘X\D‘;

9) [1(Q,) = (2% 1) 2%l (al gl (3507 )5

h) || (Q )| - (2\24\23\ _1).(2\26\24\ _1).(3\23\21\ _2\23\21\).6‘“0\ .

Assume that the symbol X, (X,D) denotes the set of all XI -
subsemilatices of D.

Further let D,D'eX'(X,D)and 9, <=}, (X,D)xZ}, (X,D). It
is assume that D9, D'if and only if there exists some complete
isomorphism ¢ between the semilatices D and D’.One can easiy
verify that the binary relation 9,, is an equivalence relation on the set
2% (X, D).

Let the symbol Q,9,, Denote the 9,, —class of equivalence 4, of
the set ), (X, D), whose every element is isomorphic to the X —
semilattice Q (i=12,...,8).

We will consider the following cases.

Lemma 2.3.1.Let D={Z,,Z,,Z,,2,2,,Z,Z,,D} €%, (X,8). If X
is a finite set, then |I"(Q,)|=8

Lemma 23.2.Let D={Z,,2,Z,2,2,,2,Z,,D}e%,(X,8). If

1"(Q,)| is calculated by the

formula
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) a=(YyxZ,) 0¥ x Zg )oYy xZ, ) u(V xZ, ) (Y* x D)
for someY," Yy, Y, Yy ¢ {D} .Y, LY 2Z,, Y LY 27,
YONZ 2D, Y2, 2D, Y ND=D.
9) & =(Y; xZ; ) u(Ye x Zg ) (Y5 % Z,) (V" x Z,) (Y5 x D)
for some YY", Y,"Y," ¢ {@} NYEOYE D Z, YA UYSOYS o Z,,
YUY OY, D2, Yy NZy 2D, Y N, D, Y N, #D.
) o =¥ %2, )oY xZ )o(¥ xZ, )0 (Y5 x Z ) o(% xZ, )U(%: x D)
for some Y, Y7, Y,/ Y 2 (@), Y7 227, Y1 UYs 2Zg, Y7 LY 22,
Y/ OUYs Yy 22y, Y& NZg 2D, Y N2y #D, Yy N2y #D.
Now assume DeZX, (X ,8) let us introduce the notation:
1) Q ={T},whereT €D;
2) Q, ={T, T}, whereT,T"e DandT cT';
3) Q={T, 71"}, where T,T", T"eDandT T < T";
4)Q, ={z,T.7,D}, whereT,T'eDand Z; T <T'<D;
5)Q ={T,7,2,T'0Z},whereT,T,ZeD, TcT',TcZ,
T\Z#QJ,andZ\T'2J;
6) Qs ={27.25.24.2,,D};
7) Q ={2,.2,,2,,2,,D};
8) Qs =1{27.25.24.25.2,,D} -
Let the symbol Z(Qi ) (i=12,...,8) denote the set of all X| — subsemi-
lattices of the semilattice D isomorphic to Q. Now assume D'eZ(Q) and

denote by the symbol | (D') the set of right units of the semigroup

B, (D').Assume that '@Q)= U 1(D)-
D'ex(Q)
Remark.

The set of all right units of the complete semigroup B, (D') of
binary relations defined by the complte XI — semilattice of unions D’

will be frequently denoted by the symbol E.’ (D'). (see. [1]).
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& LoddMEMMO 5036086mm X LodGMsgols zsMogwo J39-
BodMs3wg. ¢ (X,y)ea, 85806 gb Bsofg®gds Bdgabsocaco:
Xay . SbEwd 3mdzom

xyeX,YcX,aeB, (D), TeD, @=D cD, D=uD,teD.
d99m3z00m0 99990 0bodzbgdo:

ya:{xe X |yax}, Ya:Uya, 2% :{Y Y < X},

yeY

X' =2°\{@},V(D,a)={Ya|Y eD}, D ={T'eD'|T T",

Dy ={T'eD'|T'cT},D/={Z'eD’|teZ'}, I(D',T)=u(D'\Dy).

A(D,D’) L083mmmmo 5006086985 D Bsbggs®dglg®do D’
LOIM3oL BLEO 93900 LEBOZMO.

3963563905 2.1.1. g0dz50, aeB, (D). oy aeca=a 6980-
dogBo PeB, (D), 85806 B0bsGrycr 8085609856 FgbsBsdobs
9b@985 By (D) 6389856387800 0@gddmdgbdamo 9egagbie.

309350 X @5 Z,4(X,8) GgLsdsdo babgdol 8oy sGo3Es60-
9@ LoTMOZgL S A5GMM0BYVoMS X — BabgzoMTglgMms 00 Jewolls
§o6m3mop9bL, HMIwol ymggwo gugdgbdo D={Z7,ZG,ZS,24,Za,ZZ,Zl,D}
399005693505 X — bobgzs6 g0l 0bmIMmORMos, Losa D
53859mx0wgd Ldgdgy 306OHMdYOL:
Z,cZ,cZ,cD,
Z,cZ,cZ,cD,
Z,cZ,cZ,cD,
Z\Z,#9, Z,\Z, # D,
Z\Z, 2D, Z\Z, O,
ZN\Z,#D, Z,\Z, =D,
Z N2+, Z\Z, # D, -(2.1.1)
ZN\Zg#+D, Z\Z, # D,
ZN\Zy# D, Z\Z, # O,
zZ,vZ,=2,0Z,=D,
2,02,=2,02,=27,U
z,=2,02,=2,0Z,=D,
2,02, =2,02;=2. V7, =1,
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X = Bobg3sm3glgMo, GMIgwog 03059mx0wgdl (1.1.1) dotm-
090, dm390m0s bob. 1.1.1-%g.

©33083s0,  GmIC(D)={R,R,P, PP R.RP,  Lssg
R.R PR PO RGR @ Poo00sb X bodagerol figgow-figgoese

5651330000 §39L0TM3ggdO S
(z,2y2,2,2,2,2 D
w_{P7 PG PS P4 P3 PZ Pl POJ
sLobgss D gog®m0sbgdsms X — Bsbgzsm8lgmolbs C(D)  bod-

53Wwgms mxsbby. 35806 dmEgdwmer D Bobggs®dglig®ol gm®mdoqrme
GMEMdgdL 9969050 G980 Lsbg
D=P,URUP,UP,UP,UP,U P, U P,

o PLUR,UP,UR, U BUP,
v PRURUPURUPRUPR,
v BRURUPURUPRUPR,
v PR URURUPRUP,
v P,URUPUPRUPR,
yUP, UP,UR, U P,
v P, UR,.

s R P PP R 2{D) o B 120, |R |20 s P, [2090.
R.P, R, PL R 993963900 05Dolmd Fyo®mmgdl Hoddmowagbgb,
bowom B, P, © P gwgdgh@o 3o Lobogbol §gomgdos.
500¢™Is3 05DoLO fiysemms MoEbzo 5 =5, bawm| X |>5

o

NNNNNNN
N =3

T T A TR
U U U 0T

w N

o v

\,
-0

gds 2.1.1 gogdgsm, DeZ,(X,8)@s X Labtrmeo  Lod-
33095 09| X |=n>5w©s|%,(X,8)|=s, 85806 D  Bobgze®-
d9LgcOL yz9es 53EGMIMNOBOBIMS MomEgbmds =1 ©s
$s=9"-5.8"+10-7"-10-6" +5-5" —4"
@g82.1.23009350, D ={2,,2,,2,2,7,,2,Z,,D} 500L 24 (X,8)
3ol Bgdoldogmo gwgdgbGo. 3sdob D bsbggzsmdglgMoom

3oBLsBOgOM B, (D)  Bsbggetxamnb dséxggbs gHmgmmo
56,5956600.
3od3se, D={2,,2,,2,,2,2,,2,2,,D} €,(X.8).

16

6) {27, Z,,2,,Z, 5} (see Diagram 6 in Figure 1.2.2);
7) {27 1 Zg,Zs,Z,, f)} (see Diagram 7 in Figure 1.2.2);
8) {27,26, Z2,,2,,7Z, 5} (see Diagram 8 in Figure 1.2.2);

exhaust all Xl — subsemilattices of the semilattice D .
According to the proof of Lemm 2.2, the diagrams of XI — semi-
lattices will have the form of one of the diagrams given in Figure 4.

FHe

Fig. 1.2.2
Theorem 22.1.Llet D={Z,7,Z2,,2,2,2,Z,D}e%,(X,8). A

binary relation o from the semi B, (D) will be an idempotent
element of this semigroup if and only if its quasinormal
representation satidfird at least one of the conditions below:

a) a=XxT,
for some element T e D ;

b) a=(Yy =xT)u(YxT"),
for some T,T'eD, T<T', Y/, Y. e{@} and Y 2T, Y/ NnT' = ;

0) a=(Y7 xT)u(Y xT)u(Ye xT"),
for someT, T, T"eD, TcT'cT’, Y Y Y e { D) and Y oT,
YUY T, Y nT #D8, Y nT "+

d) & =(Y" xZ, ) u(Y xT) (Y xT")u(Ys xD),
for someT,T",ZeD, Z,cTcT' cD, Y Y YY) e{@} and

YA S Z,, YUY ST, YUY UY oT , Y NT 2D,
YiNT 2@, Y ND=J;

€) a=(Y" xT)u(Y xT") (Y xZ)u(Y, x(T'uZ))
forsomeT,T',ZeD,TcT',TczZ,T\Z+0, Z\T'2J,

Yo e (D) YUY T YUY 22, YT 2D, Y nZ =D
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29) {Z7,ZS,Z4, Z,,2,,Z, D} (see diagram 29 in Figure 1.2.1);
30) {Z;.Z5.2,.Z4.2,,Z,, D} (see diagram 30in Figure 1.2.1);
31) {2,.2,,2,,2,,2,,2,,D}

32) {Z,,25.2,.2,.2,,2,,D} (see diagram 32 in Figure 1.2.1);
33) {Z7,ZG,ZS,24,Z3,Zl, f)} (see diagram 33 in Figure 1.2.1);

(see diagram 31 in Figure 1.2.1);

exhaust all subsemilattices of the semilattice D .

11PN LN LA

123 45 6 7 8 9 10 11 13 14

ARALAGS AT S OE

15 16 17 s 19 20 21 22 23 24 25 26
27 28 R 31 32 33

29 30

Lemma 22.2.Llet D={Z,,2,2,,2,2,,2,Z,,D} €%,(X,8) . Then
subsets of the following form
RN REARTARTAREARCAR{s]

(see Diagram 1 in Figure 1.2.2);

2) {27,zs},{27,24},{27,23},{27,21},{27,Dz,{26,23},{26,21 ,
{2,.0}.{;,2,}.{2,.D}.{z,.2,}.{Z,,D},{Z,, D

(see Diagram 2 in Figure 1.2.2);

3) {z,.2,,0}.{Z,.2,,0}.{Z,.2,,}.{Z,,Z,,D},

(2,,2,2,}{2,.2,,2,}.{2,.2,,2,} {Z,.Z,,D} {

(see Diagram 3 in Figure 1.2.2);

4) {2,,25,24,0},{Z;.2,2,,0},{Z;,2,,2,,D}
(see Diagram 4 in Figure 1.2.2);

5) {27,26:24,21},{Z7,24,25,D}.{Z5,25,2,,D},{Z;,25,2,, D}
(see Diagram 5 in Figure 1.2.2);
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Bggbo Bo%sbos Bggolfsgmm %, (X,8) 3esbol D gogm-
05690505 X — Bobgzo0dglghgdom  4obLabmg®mwo  dobstmen
808:6m9dsms LOYo B, (D) Babgzsmxamsgdo.

8936086mm, O™ B, (D) Babgzsdxangol 63d0bdogmo geg-
39630 335D0bMmMTse® HoBmanbols 5J3L Loby:

a=(YxZ, ) U(Ye x 2, )U(Y x 25 ) u(Y x 2, )u
U(Y5 xZ4)u(Ys xZ, )u(Y,* x Z,)u(Yy % D)

Lo@og Y, Ys Yo Y, Y Y, Y, Yy 96006 X Lod@Moegaol fyzoem-
09300 3965339000 939003 JJI0 @S ToMO F5JOHMOBGDS
30 X — obGeenoo.

9852213004350, D={Z,,2,,2,,2,2,,2,Z,, D} € Z,(X.8),

B

05806d9900920L5boLI39L08ME3ggdO:
R A REARCARARTARCARAR(s}
(ob. bsb.-2.2.1-0b 1 Ooa™Ms3s);

2) {2,.2,}.{2,,2,}.{2,.2,}.{2,,2,},{Z,,D}.{Z,.2,}.{Z,. 2.},
{zs,D},{zs,zl},{zs,D},{z4,zl},{z4,D},?zs,b},{zz,ﬁ}, Z,,D}.

(0b. Bob.-2.2.1-0L39-2 OYMSB5);
3) {z,.2,,0}.{z,.2,,D}.{z,,2,,D},{Z,,Z,,D},{Z,,Z,, D},

{2,,2,,2,}{2,.2,.2,}.{Z,.2,,2,}{Z,.2,,D}.{Z,.2,,D}.{Z,.Z,. D}

(0b. Bsb.-2.2.1-0L 09-3 ©05M585);

4) {2;.2,23,0}.,{Z7.2,2,,0}.{Z;,2,,2,, D}

(0b. 65b.-2.2.1-0109-4 OSM5T5);

5) {27,26.24:24},{2Z7,24.25,0}.{Z5.25,2,,0},{Z;,25,2,, D}
(0b. Bob.-2.2.1-0L09-50053M505);

6) {Z,.2,.2,.2,,D}

7) {2,.2,.2,.2,,0}

(0b. bsb.-2.2.1-0b09-7000536505);

8) {2,.2,.2,,2,,2,,D}

(0b. bsb.-2.2.1-0b 09-8000530585);
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D}, (see diagram 12 in Figure 1.2.1);

9) {2,.25.2,}.{2,,2,,0}.{Z.25.2,} {24, 2,.2,} {24, Z,,
(2,,2,,2,},{Z,,2,,5},{Z.,2,,D}.{Z,,2,,D}.,{Z,.Z,,D}, 13) {24,25,2,,D},{26,25,2,,D},{Z;,25,24,2,},{Z4,Z,, 2, D,

{z,.2,,0}.{2,,2,,0},{Z,,2,,D}. Z5,25,23,0},{Z5,25,2,,0},{Z;,25,2,,D},{Z4,Z5,2,, D},
(0b. Bob.-2.2.1-0b 8-9c0053655); 27.24.25,0}.{27.26,2,,D}{Z7.25.Z5,21}.{Z7.2,.2,, D}

10) {Z,.2,,2,,0}.{Z,.2,.2,,0}.{Z,.2,.2,,0}.,{Z,,Z,,2,, D} (see diagram 13in Figure 1.2.1);
(0b. 65b.-2.2.1-0l 89-10 O5pG53): 14) {27,25,2,,2,,D}.{Z;,24,25.2,, D}

11) {Z,.2,.2,,2,,0}.{Z.2:.2,,2,,0}.,{Z,,2Z,,2,,Z,,D} (see diagram 14 in Figure 1.2.1);

(0b. bob.-2.2.1-0l 8g-11 ©OsM5Ds); 15) {24,23,22,21,D},{zs,zs,zz,zl,6},{27,24,23,22,5}

12) {26,25124,21},{23'22121,5},{24,23,22’f)},{zs,zs,zzyf)} (see diagram 1SinFigu-re 1.2.1); ]
(0b. Bsb.-2.2.1-0b 89-120056585); 16) {Z4,2,,2,,2,,0},{Z;,2:,2,,2,, B}, _
13) {24,23,21,D},{ze,zz,zl,D},{z7,25,24,21},{24,22,21,5}, {2:2,:2,,2,,0},{2.2,.2;,2,,D},{Z;Z,.2,.2,. B}

ZS'ZZ’Zl'I?}’{ZS'ZB'ZD5}1{27123v22!5}’{26123122’5}' (see diagram 16 in Figuvre 1.2.1); ) ) )
Z7,24,2,,0},12;,24,2,.0},{2;. 24,25, 2,},{Z;.2,,2,, D} 17) {2,.2,,2,,2,,0}.{2,,2,.2,,2,,0}.{Z,,2,,2,,2,,0},{Z,,Z,Z,,2,,D}

(ob. 69b.-2.2.1-0b g-13 OSYMTs); (see diagram 17 in Figure 1.2.1);

14) {27,25,24,21, 5},{27,26,25,21, f)} 18) {26,25,24,21, D} (see diagram 18 in Figure 1.2.1);

(0b. Bsb.-2.2.1-0L 99-14 OE5D5); 19) {Z7,Zs,Za,Zl, f)} (see diagram 19 in Figure 1.2.1);

15) {Z4,Z3,ZZ,Zl,D},{Z5,Z3,22,Zl,D},{Z7,Z4,23,ZZ,D} 20) {ZG,Za,ZZ,Zl,D},{Z7,ZG,ZS,Z4,Zl},{27,23,22,21,5}

(0b. 6sb.-2.2.1-0l ?O' 15 @0366’080)3 (see diagram 20 in Figure 1.2.1);

16) |{Z,.2,,2,,2,,B}.{Z;,25,2,,2,,B}, ] 21) {2,.2,2,,2,,2,,0},{2,.2,,2,,2,2,, D)
{ZS'Z‘“ZZ'Z“ D}’{Zs' 242512, D}'{Z”ZS'ZZ'ZI’ D} (see diagram 21 in Figure 1.2.1);

(ob. Bob.-2.2.1-0L 633—16 gpoo?)ﬁ)oao)i ) . 22) {27’25,2422’21’ 5}1{27125’24,23,21, D}’{Zﬁzslzs’zz!zv D}

17) {27’26'23722’ D}’{Z7'Z4’szzl’ D}’{Z7’Z47zavzl’ D}’{Z7’ZG'ZZazl’ D} (see diagram 22 in Figure 1.2.1);

(0b. Bsb.-2.2.1-0l ?8'17 QO53M305); 23) {27,26, Z2,,2,7, 5} (see diagram 23 in Figure 1.2.1);

18) {2,.2,.2,.2,.D) 24) {2,.2,2,2,7,, D} (see diagram 24 in Figure 1.2.1);

b. 65b.-2.2.1-0L 99-18 505); -
(0b. bo 0b 09-18 ©03p0:02) 25) {Z,,2,.2,,2,2,,D} (see diagram 25 in Figure 1.2.1);

19) {2,,2,,2,,2,,B}

(ob. bob.-2.2.1-0b 89-19¢005yM585);

20) {Z,2,,2,.2,,0},{2,.2,,2,,2,.2,},{Z,,24,2,,2,, D}
(ob. bob.-2.2.1-0b 99-2000059M535);

26) {
27) {Z7,ZG, Z.,2,,Z, 5} (see diagram 27 in Figure 1.2.1);
) {ZG,Zs, Z2,.2,,2,,7, D} (see diagram 28 in Figure 1.2.1);

z,,2,,2,,2,,Z,, f)} (see diagram 26 in Figure 1.2.1);
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Lemma 2.2.1 LetD={Z,,2,2,,2,2,2,2,D}%,(X,8), then
subsets of the following form
N IRCARTARrAREARrAREARAR{>)
(see diagram 1 in Figure 1 2 1)
2) {2,,2,).,12,,2,}.{Z z,},{z, D} 2,,2,4.{Z,
{2,,0},{2,.2,}.{z,, D} {z z {z D}.{z,,0}.{z,,D
(see diagram 2 in Figure 1.2.1);
3) {27,25,5},{27,24,5} {2,,2,B0}.{z,.2 }{ . } (2,,2,,2,),
12,,2,,2,}.{2,.2,,2,}{2,.2,,D},{Z,,2,,D}, {z
(see diagram 3 in Figure 1.2.1);
4) {2,,25,24,0},{Z;.2,2,,0},{Z;,2,,2,,D}
(see diagram 4 in Figure 1.2.1);
5) {Z,.26.24:21},{27,24,25,0},{Z4,25,2,,0},{2;,25,2,, 0}
(see diagram 5 in Figure 1.2.1);
6) {2,.2:.2,.2,,D}
(see diagram 6 in Figure 1.2.1);
7) {2,,2,.2,,2,,D}
(see diagram 7 in Figure 1.2.1);
8) {2,.25.2,,2,,2,,D}
(see diagram 8 in Figure 1.2.1);
9) {2,,2,,2,},{2,.2,,0}.,{Z,,2,,2,},{2,.2,,2,},{2,,2,,D},{Z,,2,,Z,},
Z,,2,,0},{2,2,,0},{2,,Z,,0},{2,,Z,,D},{Z,.Z,,D},{Z,,Z,, D},
z,,2,D

(see diagram 9 in Figure 1.2.1);

10) {2,.2,,2,,0},{Z.2,.2,,0},{Z.Z,,2,,D}.{Z,,Z,,2,, D}
(see diagram 10 in Figure 1.2.1);

1) {2,.2,.2,,2,,0}.{2,,2,,2,,2,,0},{2,.2,,2,,2,,0}
(see diagram 11 in Figure 1.2.1);

12) {2,,2,,2,,2,},{2,.2,,2,,0},{2,.2,,2,,0},{Z,,2,,2,,D}

54

21) {2,,2,2,.2,.2,,0},{2,.2,,2,,2,2,, D}

(ob. 65b.-2.2.1-0b 21-900053M505);

22) {z,,2,,2,2,2,,0},{Z,,2,,2,2,,2,,0},{Z,,2,,2.,2,,Z,, D}
(0b. Bob.-2.2.1-0l 22-90536505);

23) {2,,2,,2,,2,2,,D} (0b. B5b.-2.2.1-0b 23-9 @0sp050);
24) {2,.2,,2,,2, 2,0} (0b. Bob.-2.2.1-0b 24-9000530305);

25) {2,,2,,2,,2,2,,D} (ob. Bob.-2.2.1-0b 25-900553535);
26) {Z,.2,,2,,2,,2,,D} (0b. Bob.-2.2.1-0l 26-900053085);
27) {2,,25,25,24,2,,D} (0b. 55b.-2.2.1-0b 27-9©005»55);
28) {Z4.25,2,,25,2,,2,,D} (0b. B5b.-2.2.1-0l 28-9©00536535);
29) {2,,2,,2,.2,,2,,2,,D} (0b. Bob.-2.2.1-0l 29-900053085);
30) {Z,,24,2,,2;,2,,2,,D}(0b. Bsb.-2.2.1-0b 30-900056385);
31) {Z,,2,,2,,Z,,Z,,Z,,D} (0b. Bsb.-2.2.1-0b 31-9000530595);
32) {2,.24,2,,2,,2,,2,,D}(0b. 65b.-2.2.1-0l 32-900530585);

33) {2,,2,,2,,2,,2,,Z,,D} (0b. Bsb.-2.2.1-0b 33-900536585)
D Bobggo63gbgMolyzneradzgbobgzs®adglg®bsdmmmogl.

THEYFLLLALA

12345 12 13 14

AP A '?<§> Vg

15 16 17 18 19 20 21 22 24 25
27 29 31

Bob.2.2.1
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@90852.22.30093500, D={2,,2,,2,,2,2,,2,Z,,D} €2, (X.8).

058063d9900920L5H0L39L08Megggd0:

VRN ARART AR AR AREAR()

(0b. 65b.-2.2.2-0b 1 ©0sM505);

2) {zwzs}*{27-?4}'{27123}’{27121}7{27;Di’{zg*z3}’{zf*zl}*{zevD}v

{z,.2,}.{z,,0}.{z,.2,}.{z,.0}.{Z,.D}.{z,.D}.{z,. D}
(0b. bsb.-2.2.2-0l 09-2 ©OG0s);
3) {27,26,D},{z,,zA,D},{zwza,D},&zwzl,@ ,225121@%,{27,26,23}'
{27,26,21},{Z7,Z4,Zl},{Ze,Z3,D}, Z,,2,D},:2,,Z2,,D

(ob. bsb.-2.2.2-0b 99-3 ©OsM53s);

4) {2;.2,23,0}.,{Z7.24,2,,0}.{Z;,2,,2,,D}

(ob. bsb.-2.2.2-0l 09-4 ©OG0s);

5) {27,26.24:24},{27,24.25,0}.{Z5.25,2,,0},{Z;,25,2,, D}

(0b. bsb.-2.2.2-0b 99-500058505);

6) {Z,.2,.2,,2,,D} (0b. Bb.-2.2.2-0b 83-6 ©033®35);

7) {2,.2,,2,,2,,B} (0b. 63b.-2.2.2-0 87-T©005050);

8) {Z,.25.2,,2,,Z,,D} (0b. 65b.-2.2.2-01 89-8 ©05p(50);

D Bsbggod dglg®ol gz9es X1 — dggbsbgzet dglig®ls sdm-
PoogU.

905 2.2.2-0b 0bsbdo XI — 65bg356 FglgOms oMYAl
9969050 dgmombg bobsBBg dmEqdo osyMsdgdoEb ghom-
9600b Lobg.

SRTEY

Bob. 2.2.2
0gm6Y8s2.2.1300d350, D=(2,,2,,2,,2,2,,2,2,,D} €3, (X,8).

3065699000 & B0856079d5,50907)@0 B, (D) bsbgga®rxamso-
b, 85806 s FbmEwmE 35806 0gdbgds ImEgdmeo babggzstrxy-

20

Is the mapping of the X -semilattice of unions D on the family of
sets C(D). Then the formal equalities of the considered semilattice

D are written in the form
D=P,UR U P,UP,UP,UR,U P, U P,
PRuPURUPRURUPRUPR,
v RUPRUR,URUPRUP,
v RURUPR,UR U PR UPR,
v PRbURURUPRUPR,
v PURUPUPRUPR,
VPR, UP,UR U P,
7 v P,UR,.

whereB,P,,P,,P,,R, ¢{Q}and |P |20, |R|>0and |P, |20 i e.

the elements P, P, R, P, Pare basic sources, while the elements

1
2
3

[S N

J0S0USUS0SUST

6

z
z
z
z
z
z
z

Y

P,, P,and P, are sources of completeness. Thus the number of basic
sources is 0 =5 while | X |>5 (see [1, Item 2.1]).

Lemma 2.1.1. Assume that D 624(X,8) and X is a finite set. If
| X =n>5and |Z4 (X,8)| =s, then the number of all automorphisms
in the semilattice D is q=1ands=9"-5-8"+10-7"-10-6"+5-5"—4".

Lemma2.1.2.Assume that D={Z7,ZG,ZS,ZA‘Z3,ZZ’21,D} is any element
from the class Z,(X,8). Then the semigroup B, (D)defined by the
semilattice has no rigt unit. Let D= {27,26, 2,2,2,,7,7,, D} €z, (X,8).

Our aim is to study the complete semigroups B, (D) of binary
relations defined by X — semilattices of unions D of the class 3,(X,8).

Note that a quasinormal representation of any element of the
semigroup B, (D) has the form

o =(Y7 xZ, ) (Y x Zy ) u(Ye < Z ) O(Yy xZ, )L
Yy xZ,)u(Yy % Z,)u(Y,* x Z, ) u(Y < D)
Where Y7a ,Yea ,Y5a ,Y4a ,Yga ,Yza ,Yla ,Yoa

are pairwise nonintersecting subsets of the set X and their
union is equal to X .
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ya={xeX|yax}, Ya=Uya, 2" ={Y|YgX},
yeY

X' =2"\{2} V(D,a)={Ya|Y eD}, D} ={T'eD'|T T},

B; ={T'eD'|T'cT},D/={Z'eD'|teZ’}, |(D'T)=u(D'\D}).
The symbol A(D,D’) stands for an exact lower bound of the set
D'in the semilattice D .
Definition 2.1.1.Let a€B, (D). If aca=a or acfoa=a for

some fBeB, (D), then a binary relation o called respectively an
idempotent element or a regular element of the semigroup B, (D).

Assume that X and %,(X,8) are respectively some nonempty

set and the X -semilattice of unions of the class whose every element
is isomorphic to the X -semilattice of unions
D= {27 Z26,25,2,,24,2,,2,, D} , where D satisfies the conditions

Z,cZ,cZ,cD,
Z,clsc’Z c D,
Z,clscZ,c D,
Z\2, %D, 2,\2, 2,
Z\Z,#D, Z,\Z, # D,
Z,\Z2, 2D, Z\Z, 2D, (1.1.1)
ZN\Zy =D, Z\Z, # D,
ZN\Zg#D, Z\Z, =D,
ZN\Z, 2D, Z\NZ, # D,
Z,0Z,=2,0Z,=D,
2,02,=2,92,=2,
Fig.1.1.1 z,=2,0Z,=2,0Z,=D,
2,02, =2,072,=2,0Zs=1,.

The X -semilattice which satisfies conditions (1.1.1)is shown

in Figure 1.

Assume that C(D)={PR,,R,P,,R,,P,,R, R, P}, where

R,R,P,R, P, R, P,and P, are some family of pairwise

nonintersecting subsets of the set X and

(z, 22,2, 2,2,2 D
P7 PS PS P4 P3 PZR[ P0
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g0l 00nd3mEHBGHMM0 gwgdagb@o, Gmas dolo 3ZoBobm®mTs-
o §oMdmagbs J390mm dmygzsboo JoMmMdYd0EIL 5300-
4mx0wgdl 0v16@s3 9O 306OHMISL:

a) a=XxT,

6mIgeoms3 T € D 9ergdgb@obomgols;

b) « =(YT“ xT)u(Yﬁ xT'), GHmdgwows3 T,T'eD, T<T',
Y e (D oY oT Y NT 2D

0) a = (Y xT)u(Y xT") (Y xT") Omdgowsg T,T',T" €D,
TcT T, Yo XY e (@Y 2T, Y uYs oT',
YoNT' #8, YonT"#D;

d) a=(Y"xZ, ) xT)u(Y xT')U(Yy x D) H08gemowss
T,T"ZeD, Z,cTcT' c D, Y YEL Y eé{@} Y, 2Z,,
YUY T, YUY OUY oT', YYnT 2D, YOnT #0

Y ND#D;

€) a=(Y7 xT)u(¥ =T )u(Ys xZ)u(¥, x(T'uZ))

HMBYOoS3 T,T,2eD, TcT, TcZ, T\Z2D, Z\T'#J,
Y e (D) Y Y T, YUY 27, YInT'#0, Y NZ =D
f) o= (Y7 %2, ) U(Ye xZs ) (¥ xZ, ) (%, xZ, ) U(Yy x D)
Omdgwoss Y, Y. Y, Y, ¢ {@} YUY Dz, YAUYS 22,
YeNZo 2D, Y2, 2D, Y nD=D.

9) a=(Y"xZ,)U(Ys xZg ) (Y5 < Z, ) (Y xZ, ) (Y < D)
Gmdgoss Y, Y Y, Y ¢ {@} YUY D Z YUY VY, o2,
YUY Y 22, YYnZs#=D, YynZ, 2D, Y NZ #D.

h) a=(Y;xZ, )u(Ys xZ, )oY xZ,)u(¥s xZ, ) o (Y xZ,)o(Ys < D),
O89S Y, Y Y Y e {2), Y1 227, Vi UYg 27,

Y7 OY) 22, YT U UYs 2Zs, Y¥nZg 2D, VSN2, 2D,

Y8 NZy %D .
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sbawsgodgem D e £, (X,8) . 898m300mms0b60836900:

1) Q ={T}, bosogT eD;

2)Q, ={T,T"}, LysogT,T'eD@>T T’

3)Q={T. T T"}, LoogT, T, T"eDsT T cT";

4)Q, ={z,.T,T",D}, bosgT,T'eDsZ, =T <T'<D;;

5)Qs={T.T",Z,T'UZ}, bosgT,T,ZeD, TcT', Tcz,

T\NZ#D, @ Z\T'#J;

6) Qs ={Z7.2¢.2,.2,,D};

7) @ ={2,,2:.2,,2,,D};

8) Qs ={Z7.2,24,25,2,,D} .

309350 Z(Q) (i=12,..,8) Loddmwmmo 5060dbmwos Q
Bobggzo6dglgMol obmImemggmeo D Bobgzs®mdglg®ol yzgems X1 —
93065b935089b9Oms LodMsgwg. D' €Z(Q) s | (D') Loddememmo

5036086mm B, (D’) Bsbggsmxamsgdols g3gmsds Hx3965 ghmgy-
@900l LodM3Eg. s3MAZsm, GMI

I*(Qi): U I(D,)

D'eZ(Q,)
8960036s. D’ 259005690505 LYo X — Bobggzs®dglgoom
39BLsBEION@o BBy B0dsOmBIms Lo B, (D)

Bobgzotxameol  gzgems  FoMx3gbs  gMmMgMegdol  LodMmogeg
b3o65© 5006086905 E’ (D') Loddmamno.

9052.2.3. LM 0sbos 39990 Fobswogdgdo:
a) [1(Q)|=1;

b) ‘l (Q ‘ (Z\T'\T\ _1)_2\X\T'\ .

C) | 3)| ( \T \T| ) ( \T \T'| 2\T”\T’\)'3\X\T"\;

d) ‘ Q4 (Z\T\L\ _l)_(S\T \T| _Z\T'\T\)_(4\D\T’\ _S\B\T'\)_[ﬂx\b\ ;

)=
e) || Q. )| (2\T'\z\ _1).(2\2\?\ _1)_4\><\(T'uz)\;
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Chapter-II
Idempotent Elements of the Semigroups of Binary
Relations Defined by Semilattices of the Class %, ( X,8)

In the given article formal equalities of X — semilattice of
D= {27,26, Z.,2,,2,,2,,Z,, 5} unity are worked out.

The paper gives a full description of idempotent elements of the
semigroup B, (D), which are defined by semilsttices of the class
%,(X,8). Formulas are derived, by means of vich the number of
idempotent elements of the semigroup is calculated when X is a finite
set.

Let X be an arbitrary nonempty set, D be an X — semilattice of
unions, i.e. such a nonempty set of subsets of the set X that is closed
with respect to the set-theoretic operations of unification of elements
from D, f be an arbitrary mapping of the set X in the set D. To
each such a mapping f we put into correspondence a binary relation
a,on the set X that satisfies the condition

a, = J({x}x f (%))

xeX
The set of all such o, (f:X - D) is denoted by B, (D). It is
easy to prove (see [1,Item2.1])that B, (D) is a semigroup with respect

to the operation of multiplication of binary relations, which is called
a complete semigroup of binary relations defined by an X -
semilattice of unions D .

We denote by & an empty binary relation or an empty subset of
the set X . The condition (X, y) € o will be written in the form xay.
Further let x,yeX, Y= X, aeB, (D), TeD, @D cD, D=uD

and t e D . Then by symbols we denoted the following sets:
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Lemma 1.2.7 Let |X|=2, D={@,Z,,D}%,(X,3). Then B=0
and the set B;=B U{y,} is irreducible generating set for the
semigroup B, (D).

Theorem 1.2.4.Let |X|>3, D={@,2,,D}e%,(X,3). If

B={a<B, (D)|V(X",a)=D}, B,={acB, (D)|V(X"a)={z,D}},
Yo =(Z,x@)U((X\Z,)xZ,).
Then the following statements are true:
a)if |X \ D| >1. Then the set BUB, is irreducible generating set

for the semigroup B, (D);

b)if X =D, then the set BUB, U{y,} is irreducible generating
set for the semigroup B, (D).

c)if |[X|=2, then the set B U{y,} is irreducible generating set
for the semigroup B, (D).

Theorem 1.2.5.Let D = {@,Zl, D} €%, (X,3). If X is finite a set
and |X| =n, then the following statements are true:

a)if |X \ D| >1, then the number |BU Bl| of a set BUB, is equal
to|BUB|=3"-2""+1;

b)if |X|>3, X =D, y,=(Z,x@)U((X\Z,)xZ,), then the
number |B UB, u{y0}| ofa set BUB, U{y,} is equal to

|BUB, U{n}|=38"-2""+2;
¢)if |X|=2, then then the number |B1 u{yl,y2}| ofa set

B, U{%,} is equal to|B, U {y,}|=3.

50

f) ‘I (Qs )‘ = (2\25\24\ _1).(2\24\26\ _1).(5\0\21\ _4\5\21\).5@(\:3\ ;
9) | 1(Q, )| = (2\26\;\ _1) 2z (3\23\21\ _ oz ) . (3\21\23\ _ oz ) gxol,
h) || (Qs )| - (2\24\23\ _1).(2\26\24\ _1)_(3\23\21\ _2\z3\zl\)_6\><\b\ .

25 (X,D)  Loddmmmo  s0obodbgds D a5g®Om0sbgdsms
LEOen X1 - 4396sbgz0mHIglgH s LodMogeny.

sbaws gmdgom  D,D'eX'(X,D) s 9, <X (X,D)xZy (X,D).
03y3096, O0d DI, D’ 85806 s Fbmerm@ 3s90b, mvg s®LGdMBL
LEOHYEO @ 0BMINOBOBIo D bobggzeMTglg®Ls s D’ LodGMagegls
JmMoL. 5©30@0© 3mfdgds, M dobso 9, FodsMmrmgds
560l 993035e96EHMBOL BoBsOrmgds I, (X, D) Lod®sgwmgby.

309350 Q& LoddMEMMO 06036y T (X, D) Lodcsg-
Wby b, 993035wgbGHMdol ol Y, —3wslo, GMIWOl Y39
919896¢0 0BMIMOFMos Q; FogMHm0sbgdsms LMymwo X —
Bobgga®dglg®obs (i=12,...,8).

29630bowmm 99dgyo d98mbggzndo:

@g8s2.3.1. 300Jgo», D=1{Z,,2,,2,,2,2,,2,7,,D} €%,(X,8).

099 X bliGryemo Lodmagegs, 8:806(1°(Q,)|=8.

@g852.32. 3od3s0, D=1{7,,2,,2,,2,2,,2,2,,D} €3,(X,8). ¢
X Lab®weno bLodGmsgargs, 35806 |I*(Q2 )| GoEbz0 253MO0MZEGVS
BMOHIMOm:
1°(Q)| = (2% 1)-2°% 4 (2241 _1). 2%
+(2\Za\27\+2\zs\zs\_2).2\“23\+(2\Zl\zv\+2\21\Zs\+2\21\Zs\+2\21\24\_4).2\><\21\+

+(2\D\z7\ N 2\6\26\ + Z\ﬁ\zs\ 4 2\5\24\ + 2\5\23\ 4 2\5\22\ 4 Z\D\zl\ _7).2\><\f>\.

@g82.33. 30d3s0, D=1{Z,,Z,,2,,2,2,,2,Z,,D} €3, (X.8).

oy X bboOamo LodGsgags, 85806 [17(Q,) ®ogbgo

29500003905 FMOIMO:
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‘I* (Q3 )‘ _ (2\26\17\ _1)_ 30\Zl _ 5IP\Zl .3|><\5\ +(2\24\z7| _l)_(3|D\z,,\ _2||j\z4,\).3|x\r3| I
(2\za\z7\ _1). 3|D\Za\ _ 2||j\za\ .3\x\f)\ + (2|zl\z7| _l)_(3||:3\z1\ _ 2|5\zl|).3\><\f)\ +

EZZI\ZSl _1). 3\'5\11\ _ 2“5\21\ .3\X\I3I +(2\Za\27\ _1).(3I23\Zsl _ 2I23\Zsl).3\X\Zg\ +
(

+

+
+( 2% ).
4 2\23\25| _1)A 3|D\23\ _ 2|D\zg\)_3|><\f>| +(2\zl\zs\ _1).(3“5\21\ _Z\D\zl\)_3|x\r3| +
+(2\zl\z4\ _1). 3\!5\21\ _ Z\D\zl\).3|x\o|.

@g852.34. godgom, D={2,,2,,2,,2,2,,2,2,,D} €3,(X.8).

o) X Labi® o LodMS 5>, 05306  |I” coxbzo
) I 309 Q)| 3b3

2395903 gds BMEOHTME00):
1°(Q,) = (2\z4\z7\ _1).(3\21\24\ _Z\ZI\ZA\). 425l _gPal) 4ol
+(2\zﬁ\z7\ _1),(3\21\25\ _2\21\26\). 4\5\21\ _3\5\21\ .4\><\|5\ +
+(2\ze\z7\ _1),(3\4\26\ _ zwza\ze\), 4P| _3\6\23\)_ Pt

@985 2.35. googgom D={Z,.2,,2,,2,7,,Z,7,,D} €3,(X,8).

o) X Labie o LodGo S, 359006 " co3bzo
) Q0 309 (Qs) Bogbg

3580003985 GOGHITNO0:
‘I* (Q, )‘ _ 2.(2\23\21\ _1).(2\21\Z3\ —l)-4‘><\'j‘ .
A

@985 2.36. goodgom, D={7,,2,,2,,2,2,,2,Z,,D} 3,(X.8).

099 X LobOero  LodGogengs,  dodob 1" (Qs )| Mogbzo

39000393 >BMEGTMOm:
‘I* (Qe )‘ _ (2\25\24\ _l).(z\z,,\zé\ _1).(5\6\4\ _4\5\21\).5\><\5\
g8 1.3.7. godgom, D={Z,,2,,2,,2,2,,2,Z,,D} 3,(X.8).
079 X LobOogemo  bod@sgargs, 85806 |17(Q,)| Gogbgo

2390003 gds BMGHIMWOm:
‘I* (Q7 )‘ _ (2\25\27\ _1).2\(23mzl)\zﬁ\ .(3\23\21\ _ 2\23\11\).(3\4\23\ _ 2\zl\z3\).5\><\f>\ )

©9052.38. goodgom, D={2,,2,,2,,2,2,,2,2,,D} €3, (X.8).
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3\21\Zs\ _ 2|21\Zs| ) . 3\X\Zl| + (Z\ZA\Zﬂ 71) . (3\21\24\ — 2\21\24\ ) . S\X\Zﬂ +

Lemma 1.2.3.Let [X|>3, D={@,2,,D} e%,(X,3) and
B={aeB, (D)IV(X",a)=D}.
Then the following statements are true;
a) the elements of the set B, U{X xZ, X x D} do not generating

by elements of the set B ;
b)if |X \ D| <1, then element ¢=< do not generating by

elements of the set B ;
c)if X = D, then elements of the set B, do not generating by
elements of the set B .
Lemma 1.2.4.Let [X|>3, D={@,Z,,D} %, (X,3) and
B={aeB, (D)IV(X",a)=D}, 7, =(Z,x2)((X\Z,)xZ,).
Then the following statements are true:
a)if |X \D| >1, then elements of the set B, UB, are generating

by elements of the set B ;
b)if X =D, then the elements of the set B, are generating by

elements of the set BUB, U{y,};
c)if X =D, then the elements of the set B, are generating by
elements of the set Bu{y}. Lemma 125.Let [X|>3,
D={2,2,D} €X,(X,3), B=[act, (0)V(X"a)=D| and B={ueB, (D)IV(X',e)={z,0.
If |X \ D| >1, then the set B/ =BUB, is irreducible generating
set for the semigroup B, (D).
Lemma 1.2.6.Let|X|>3,D ={@,2,,D} €%, (X,3) and

B:{ae B, (D)|V(X*,Ol): D}, B :{ae By (D)|V(X*,a):{21,|5}},1f
) :(leg)k)((x \Zl)le)'

X =D, then the set B, =BUB, U{y,} is irreducible generating set

for the semigroup B, (D).
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Theorem 1.2.3.Let D= {ZZ,Zl, 5} ex (X,3)and Z,#@&. If
E\ (D) be the set all right units of the semigroup B, (D),
0, =(2,x2,)U((X\2,)xZ,), 0, =(Z,xZ,)u((X\Z,)xD),
o, =(Z, XZZ)U((X \Z,)x Ij), o, :(zlle)u((x \Z,)x Ij)
and B'={0,,0,,0,,0,}, then B=E{(D)UB' is irreducible
generated set for the semigroup B, (D).
In the sequel, we will be assumption, that Z, =& .
Lemma 1.2.1.Let D={7,2,0]ex,(x3and B={aeB, (D)|V(X'a)=D|.
Then the following statements are true:
a) B = @if and only if, when |X| >3;
b) ,=nD=%, P,=D\Zand P, =Z7,;
¢)If a=50p, forsome o B, &, €B, (D), then V(D,)=D;
d)if |X| >3, thenB is a set external elements of the semigroup
B, (D).
Lemma 1.2.2.1et |X| >3and D= {@,Zl, D} €%,(X,3), then the
following statements are true:
a) Z,f=, DB =Z,for some BB ifand only if , when |X \ D| >1;
b) Z,=Dp =Z,for some BeB ifand only if |X \D| >1;
¢) Z,4=Dp =D for some fcB ifand only if |X \D| >2.
In the sequel, by symbols B, B, and B, we denoted the
following sets:
B, ={a €8, (D)|V(X",a)={z,D}},
B, ={a B, (D)|V(X",a)={2,D}{,
B, ={aeB, (D)|V(X",a)={,Z,}}.
By definition of a sets B,, B, and B, immediately follows, that
B,nB,=B NB,=B,nB,=4.

48

) X Lsbeyewo  Lodmogengs, 3sdob

1"(Q;)] ®ogbgo
35900003905 BMOIMYWO:
" (Qs)‘ _ (2\24\23\ _1).(2‘25\24‘ _1).(3\23\21\ oz ).G‘X\D‘

096985 2.3.1. godzsm, D={2,,2,,2,,2,2,,2,Z,,D} €%,(X.8).

07 X LabOvwo  bodmagegs, bmwe 1, s6ol B, (D)

Bobgzomx 530l y3gams 0009d3m@EgbEgool Lod®mageng, dsdob
o H Q)T+ T (Q) 1+ (Qa) 1+ (Qu) 1+117(Qs) 1+
Q) 1+117(Q ) [+117(Qy)
B, (D) Bsbggatixamaol 8sJuodse@o  J39xe B0,  Omdwob
9Omgmos B, (D) Bobgzsdxangol  0wgddm@bdnco &
3065690 808560 gds, 3036086mm G, (D, &) Loddmwmmo ©s

503f90mo D e, (X,8) 3eabol bsbgzs®8gbg®gdom gsblsbog-

Go By (D) Babgzstxamggdol 8sguiodse®o J3gxaBgdo.
mgamgds 232, ovDeX,(X,8), 85306B, (D)6sbyzsm-
X29530L 6gdoldogMo & 0©YI3MmEHI6EHWIOO d0bsOEo JodsMmg-

dolomgol B, (D) Bobgzstxamsmob Gy (D.e) dggxanso Foo-
90539bL XMRL,  OHMIOL Moo 5M59dgEHgL 2-0LEHME0s.

[Mlmsgo
2,4 (X,8) 3emaliols Babggs®dgligHgdoom gsblisbuGwmo B, (D)

B6abg356R3MBIOOL OIYIEo gergdgbgdo

80398380 LOM@WI® 500l godmagdnmo  Z,(X,8)
3wsbol gogMHm05bgdsms LOMEo X — Bobgzs®mTglghgdom gobls-
B3O d0bsdm 308:OMYdsms bOmo B, (D) Bsbggstxa-
390l MM E0 gargdgb@Ggdo. 0d dgdmbggzsdo, Gmass X
Lobrmerm  bLodMogergs, dmEgdweos dqledsdolo babgzs®xamag-

00l MMM 9ugdgb@ms MomEIbmdoL  sdmbsmzaguo
B0OHIME9d0.
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505L0056539 559GMT03503305900, BB T, (X,8) 3emslol D
3990005693505 LEOWo X — bobgzsmdglghgdom gsblabmzmewo

B, (D) byero Babggatixaggbob ygaws Ganwsdreo gegdgb-
390%0L Ry Lodmageng Hodmoaqbl 53 babgzs®xama3ol 439bsbggem-

Xo0BL-

3963563g053.1.1. & 9egdgb@L, s0gdMel B, (D)  Bsbggem-
Xo080@b,  finegds By (D) Bibggatxansol Gt
99896¢0, 99 B, (D) - 80 s6bgdmdl obgmo A 9egdgb@o, Hmd

aofoa=a.

96785 3.1.1.300d350 D =(2,,2,,2,,2,,2,,2,,Z,,D} €3, (X.8),

85306 B, (D) bsbg3s0xana30l o 80bsdvmo 8085000909,
H@IoL 335H0bMEOHIsgomE FoMImagbal 593L Loby

a= J (Y¥xT)

TeV(D,a)

0g6905 8:m398n@o  6sbg3sOHXFNIBOL HIFILIONWO  JEY-
39630, 35306 s FBMEMEA 5306, HMEs sOLYdMIL LEIMWo ¢ o —

0b@Im®E0bdo V (D, a) bsbgza®mdglg®osb D Babggzs®dglgmols
MmIgwows3 D' d39bsbg3om3gLgerHyg, HMIgaog 930594ma30gdl
9399mm M 3990 30609006 9HM-gOHML:

a) a=XxT,OHm09womsaT € D gangdgb@olsmgol;

b) « =(YT“ xT)u(YT‘? xT’), 6Igwoms3T,T'eD, T<T,
YO Y 2 {B), Y 0p(T), Y ne(T') =D 59009896@Ggd0bsmz0l
c) a:(YT“ xT)u(YT”,‘ xT' ) ( ><T”) 6Hmdgemowss T, T, T"e D,
TT T, Y Y Y (DY 20(T), YUY 2p(T),
Y no(T) =D, Y nep(T") =D ; 9erg99639d0bsogol

d) & = (¥ xZ, ) U xT) (¥ xT')(Ys x D), Gedgerowss
T,T"Z2eD, Z,cTcT'c D, Y YL Y %{@},
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a) if |X \D| >1 and Z, #J, then B is irreducible generating set
for the semigroup B, (D);

b)if|X\D|>1 and Z =@, then Bu{XxD} is irreducible
generating set for the semigroup B, (D);

c)ifX=D and Z #@, then BU{XxZ} is irreducible
generating set for the semigroup B, (D);

d) if X =D and Z, =<, then Bu{@, X x 5} is irreducible
generating set for the semigroup B, (D).

Corollary 1.1.2.Let X be finite a set, D = {Zl, D} ex, (X,2).If
|X| =n, then for the number of the irreducible generated set B’ of
the semigroup B, (D) following statements are true:

a)if|X \D|>1 and Z, # @, then [B|=2"-

b)if|X \D|21 and Z,=@ or X=D and Z #@, then
=2 -

d)ifX =Dand Z, =@, then |B|=2".

Definition 1.2.1. In the sequel, the elements g, and g, will be
called normal and complement mappings for the binary relation
FeB, (D).

Theorem 1.2.1. Let X is finite a set and «, f € B, (D), then for
any subquasinormal representation B of a binary relation g the
equality aof=acf ishold.

Theorem 1.2.2.Let B be any generating set of the semigroup
B, (D). If for some « and &of the set B and subquasinormal
representation /3 € B, (D) of a binary relation Be B the inequality
a # 60 is hold, then the condition o # 8o f3 is also true.
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a) BeB,(D);b) Bc B

¢) the subquasinormal representation of the binary relation £ is

quasinormal;
P, R ..P.

d)if g=|_9¢ 'L L
JiE A (Poﬂ RS Py f
family of sets C(D) in the set DU{Q}.

J, then p, is a mapping of the

e)if ,:X\D—D is a mapping satisfying the condition
—_ . _ i _
B, (t)=t'p forall t'e X\D, then g= U(P. xUtﬂjU U ({t'}xﬂz (tr)).
i=0 teR t'eX\D
Remark, that if P, (OS j< m—l) is such completeness sources,
thatP, =, then the equality P, B =0 always is hold. There also

exists such a basic sources P, (0<i<m-1) for which (Jtf=0, ie.
teR

PF-0.

Theorem 1.1.2.Let @, f € B, (D), then acf=aof

Lemma 1.1.1.Let D={Z,,D}3,(X,2), B={a<B,(D)|V(X",a)=D}. If
B= @, then B is a set external elements of the semigroup B, (D).

Corollary 1.1.1.Let Dz{@, D}ezl(x,z) and B:{ae B, (D)|V(X*,a): D}.
Then the following statements are true:

1) If |X \ D| >land Z, =&, then =X xD do not generating by
elements of the set B ;

2) If X= Dand Z, #J, then a =X xZ, do not generating by
elements of the set B ;

3) If X=Dand Z, =@, then a=2 and a=XxD do not
generating by elements of the set B .

Theorem1.13.Let D={,Djex(X2). If B=laeB, (D)V(X"a)=Df,

then the following statements are true:
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Y 20(Z,),Y, OY 20(T), YUY UY 20(T'), Y ne(T) =,
Y ne(T)=D, Yy m(p(f)) # D 5 9099963 gd0LsM30L

6) o= (Y xT)u(Y xT ) (Y < Z)u(Yy, x(T'UZ))
6oy T, T, Z2eD, TcT , Tcz, T\Z2D, Z\T'#J,
Yo Y YS e (@), YUY 2e(T'), Y UYS 20(Z), Y ne(T') 2D,

Y No(Z) %D ; gergdgbEgdobsmgol

f) a=(Y7xZ, )U(Ys xZs )U(Yi xZ, ) U(Y,* xZ, ) (s x D)
Godgwosg Y, Yy Y,/ Yy ¢ (B}, Y, VY 29(Z,), YUY 29(Z,),
Ve no(Z,) %D, Y no(2,) 2D, Yy np(D) =D .
99896&gd0Lsm30L

0) & =Y xZ; ) o(Ys xZs ) (Y5 x Zy )u(Y,* % Z, ) (Yy x D)
Gmdgwosa Y, Yy Yy Y ¢ {3}, Y, VY 29(Z,)

Y7 OYy OYy 20(Z,), YUY LY 2e(Z,), Y ne(Zs) =D,

Yy np(Z,) 2D, Y no(Z,) =3B 9egdgb@gdolsmgols

h) a=(YxZ, )u(Yy xZs)u(Ys %2, )o(Yy xZ, ) U (Y xZ, )u(Ys < D),
Omdgmomsa Y, Y Y, Y 2{D), Y7 20(Z;), Y7 VY 20(Zs),

Y7 OYY 20(Z,), YUY U 20(Zs), Y5 no(Zs) %D,

Y/ no(Zy)#D, Y5 no(Z3) =D . 9e989639d0Lsmgol

99930000 50bodzbgd0:

1) Q ={T},bos3 T eD;

2)Q, ={T,T"},bocog T,T'eD o> T <T';

3) Q={T, T T"},bosg T, T . T"eD @ TcT'cT";

4)Q, ={z,,T,T",D},bosg T,T'eD > Z; cT <T'cD;
5)Qs={T. T2 T'UZ}, Lysg T,T7,Z2eD, TcT', Tcz,
T\Z20,00 Z\T'#J;

6) Qs ={Z7.26.24.2,,D};
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7) Q :{27,26,23,21,5};
8) Qs ={Z7.25.2,.25,2,,D} .
30935, Z(Qi) (i=12,..,8) Loddmwm»O s0bodbmwos Q,

Bobgz0603glgMol 0BMIMOGBMEo D Bobgza®dglbgdol ygzges XI —
d3965b93569LgMms LBz, Sbs, 3oz, D'eZ(Qi) Qo

R(D') ULoddm@mmo s0g36086mm B, (D)  Bsbggstxamagdol

g39ws 0bgmo @ OJRAWIONwo  JwgdIhHgool LIz,
HMgmemgolsg V (D,a) s Q babgga®mdglg®gdo gHmBsbgomols

o — 0BmmOBMos ©s V(D,a)=Q,.
2% (X,D) Loddmemmo s0z60d6mm D Bsbgzsmdgbyg®ol

939ws Xl — 43969H9356:39LgM9d0L  LodMegerg. 990y 300J35m,
D,D'e¥'(X,D) @s 9, = (X,D)xZ} (X, D).

0310olbdgds, dmd DY,, D’ 35d0b s dbmeome 35906, Gmas D @s
D' BobggomdglgmHgdls dmOol  sOLYDOMIL  Gosg ¢  LEwwo
0bmINOGBoDBTo. 930w 99dm[dEgds, ™I dobsOwo Y,

808560905 5600b 993035@9bEMBOL BoBsOmgds T (X, D) Lodesg-
w9bg. Qi%y Loddm@wmmo 5036086mm Ty, (X,D) Lodmagwgby

G — 99303596 BH™BdOL 0ol 3EsLo, GHMIOL ymzgeo gugdnb@o
0BMIMOBME0s Q; X — BabggzamdgligMols s mobsbdo

R'(@Q)= U R(D)-

D'eQidy

g8y 3.2.1 09| Q(Q)|=my, 85806 Lsds®mnosbos Bgdgao

Hobsowgdgdo:
a) |R(Q1)| =1

b) |R(Q2 )| =M, .(2\‘?'\?‘ —1)- Z‘X\ﬂ ;
©) [R(Q;) =m,- (z‘ﬂﬂ _1) ' (3‘f”\ﬂ ~2m ) 3T

d) |R(Q4 )| =m, _(Z\T’\L\ _1)_(3\?\?\ _Z\T"\T’\)_(4\D\T"\ _S\D\T"\ ).4\><\|j\ :
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Theorem 1.1.1. Let D:{f),zl,z2 zmil}be some finite X —

semilattice of unions and C(D)={P,,P,P,,...,P, , } be the family of sets
of pairwise nonintersecting subsets of the set X (the set & can be
repeat several time). If ,, is a mapping of the semilattice D on the

family of sets C(D) which satisfies the condition
o=[D Z 2,2,
P RP..P.,
and f)z =D\D,, then the following equalities are valid:

D=P,UPUP,U..UP_,
z,=RulJ o) (3.1.1)

Tslf)zi
In the sequel these equalities will be called formal.
It is proved that if the elements of the semilatticeD are
represented in the form (3.1.1), then among the parameters P

(0<i<m-1) there exist such parameters that cannot be empty sets

for D. Such sets P are called basis sources, whereas sets P,

(0< j<m-1)which can be empty sets too are called completeness
sources.
It is proved that under the mapping , the number of covering

elements of the pre-image of a basis source is always equal to one,
while under the mapping , the number of covering elements of the

pre-image of a completeness source either does not exist or is always
greater than one (see [1], chapter 11).

Let PR,R,R,..,P,, be parameters in the formal equalities,

. m-1
BeB, (D) and g = U(F’i xUt,B]u U ({t}xt's).
i=0 teh t'eX\D
The representation of the binary relation B of the form g will

be called subquasinormal.
If B be the subquasinormal representation of the binary relation

B, then for the binary relation f the following statements are true:
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studying the abstract qualities of semigroups (i.e. the qualities, which
are kept in isomorphism).

The present work studies the qualities of semigroups with the
help of the qualities of semilattice. The significant part of the abstract
qualities of the total semigroups of binary relations is mainly
determined by that unification of total x —semilattice, which deter-
mine the elements of the given class.

The present work makes use of the theory of lattice, the theory
of semigroups, the theory of the set and some methods of
combinatorics.

THE PRACTICAL AND THEORETICAL IMPORTANCE OF THE
THESIS

The dissertation is mainly theoretical. The results of the work can be
used for investigating semigroups and semilattices in future.

THE STRUCTURE AND VOLUME OF THE THESIS

The study consist of introduction, three chapters with eight
paragraphs and four appendices. The total length of thesis approaches
202 pages (143 pages cover the main part of the study, the rest
includes appendices).

GENERAL CHARACTERIZATION OF THESIS
Chapter -1

Generated sets of the complete semigroup binary relations defined by
semilattices of the 3, (X,2)and X, (X,3)

In this article, we study generated sets of the complete

semigroup B, (D) defined by an X —semilattice D of the class
Zl(X,Z) and Zl(X,3).
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&) [R(Qy)=2-m, (2" -1)- (27" -1)-

6)| —2.m, _(2\25\24\ _1)'(2\24\25\ _1)_(5\5\21\ _4\5\21\).5\><\D\ .

f) |R(Q

4‘X\TUZ‘

) ‘R(Q7 )‘ _ 2'm0 '(z\zﬁ\zﬂ _1).2\(23@)\26\ .(:,)\zg\zl\ _2\23\21\)‘(3\21\@\ _z\zl\zg\ )‘S‘X\D‘ .

h) [R(Q)|=

@985 3.2.2. 3043500 D={Z,,2,,2,,2,,24,2,,Z,,D} €

¢ X Labeeno bLodMogergs, 3sdob
R(@Q)=
3990005693505 D Bobgze®dglighol goblsbmzMol msbsb-

9500 335J3L:
QZHXI { D { D}
125,24}, { } {Z;,D},
SbErsmvy
D,/ = {z D} D' {z D} D, {z
D¢ ={Z,.Z,}, D; ={Z;,Z,}, Dy =
D}, ={Z,.

m, .(2\24\23\ _1) .(2\26\24\ _1).(3\23\2’1\ —2‘23\21‘)6‘)(\5‘ .

2, (X.,8).

1
D}, D}, - 12,2,}, D}, ={2,.2,}, D, ={z,,D}, D}; ={z,,D}.

95806 d0300900:

R(Q,)=

R(D/)UR(D;)uUR(D;)UR(D;)UR(D!)UR(

UR(D;)UR(Dy)UR(D;;)UR(D},)UR(D;)UR
@g85. 3.2.3. 300d350 D={2,,2,,2,,2,,2,,2,,Z,,D} X

IR (Q)HR(D)I+IR(

D;)1+IR(D;)I-|

4

UR(D;)UR(D;)u

i) VR (D)
X,8). 85806

D)l

wgds. 3.24. 30J300D={7,7,4,2,2,2,2,D}ex,(X8). o X

BabOXE0 LodGgYs, D806 R (Q2)|:15.(2\D‘17\ 4P, Pz P _2),2\xm\ ‘

29900056985m5 D 65bggo609l960L  g56lsbmzmol msbob-

85009 35943L
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Q,0,, ={{z7,D},{25,z} {2,,0}.{2,,D}.{Z,.2,}.{Z;.2,}.{Z,.Z,},
(2,,2.}424.2,}.{2,,2.}.{Z,. B} {Z,,D}.{Z,.2,}.{Z,, D}, {Z,, D}}.

b o

D/={,.2,,D}, D; ={z7,z4,Jj}, D;={Z,.2,,b}
D, ={2,.2,,0},D; ={Z,,2,,D}, D; ={Z,,Z,.2,}
D7’={27‘Z‘“Zl D8'={Z7,ZG,21} Déz{ze'zl'lj}

80’6068030@3603'
R*(Q:)=R(D{)wR(D;)wR(D;)wR(D;)wR(D;)UR(D;) v
UR(D})UR(D;)UR(D;)UR(D}) UR(D ).
@g853.25 30043500 D={Z,.2,,2,,2,,2,,2,,Z,,D} €X,(X.8).
05306
[R(Q)|=[R(D] J+IR(D;
-|R(Dy mR mR(D)
9953.2.6. gmjgbor) D’:{Z7,Y ,D} s D"= {27 Y, } Loog

\R
mR

\ +[R(D

Y/2Y'. o By (D) bsbg3s6xamBol o d0bstrmero 908560930l
3350608 FHBm@agBsb 5Jgb bby a=(1xZ; (¥ xT)u(Yy xD),
GmIgomsg T eD, Z; T <D s Y, Y{ ¢ ¢{D}, 85806
aeR(D')nR(D")
Y 2Z,, YUY DY),
NY' =3, Y7 "D =.
©9053.2.7. 3o0dgom D = {27,26,25, 2,,2,,2,.2,,D} e3,(X.8).
o) X babGeo BodMmszergs, 35806 Lsdsmosbo 0dbgds
9990090 @)m@mbgbo:
[R(D})"R(D;)|=11-2%'" .(2\25\27\ _1). 3P\l _pozl) gx 10
IR(D] mR(D )| =11-2% % (2505 ). (374 ). 3
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complete semigroups of all binary relations defined by the 3,(X,8)

semilattice.

SCIENTIFIC NOVELTY OF THESIS
The present work deals with generating systems of finite

semigroups of binary relations defined with finite X — semilattices

of 2, ( X, 2) and X, ( X, 3) that has never been studied before. Also

it deals with the classes of semigroups of By (D)of total binary

relations defined by the semilattice X, (X ,8) for the first time ever.

The semilattice of the given classes are studied according to the
relevant diagrams.

In case of X set, the formula for counting the amount of
semilattice in the class 2 4 ( X ,8) has been created. All the semilattice

of the given class has been described and the X| — subsemilattice has
beem singled out.

The idempotent elements and their qualities of the semigroups
defined by each D semilattice of the 24()(,8) class have been

studied. The formulas for counting the amount of the idempotent and
regular elements in case of X asa finite set have been formulated.

The study of given subjects is entirely based on the unification
total X — the main qualities of the semilattice. The outcomes gained
in the research gave us the opportunity to talk about the great
number of qualities of the semigroup. In particular, whether it has
right elements, how its idempotent and regular elements are built. It
is possible based on the relevant diagram of the defining semilattice.

BASIC METHODS OF INVESTIGATION
It is known that idempotent elements of semigroups, one-sided
units, regular elements, maximum subgroups play important role in
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B, (D)semi groupis called the total semi group of binary relations

defined with the total X — semi lattice of D consolidation.

Suppose, the total X as a unification of D mcapacity is
semilattice; By (D) -D The total unification X - the semi group
defined by semilattice of binary relations. Many of the abstract
qualities of By(D)semi group are closely connected withD
semillatice.

The unification of total X - semilattice, which has a fixed
diagram and contains an empty set, defines such classes of binary
relations of complete semi groups, which always contain any
isomorphic semigroups as well as the semigroup of any binary
relations (see theorem 5.6.1). The qualities of semi groups of this class
are closely connected with the qualities of elements of semilattice,
which define the given semigroup. These qualities are: Whether they
have identified the elements creating the semi lattice of the set, or if
their elements create the chain and etc.

GOALS OF THESIS
The main aim of the research is to study generating systems of
finite semigroups of binary relations defined with finite X —

semilattices of ¥,(X,2) and %,(X,3) classes unifications and also

>

such qualities of the total semigroup of binary relations defined by
X — semilattice of 2, (X ,8) class unification which are kept during

the isomorphism.

SCIENTIFIC NOVELTY OF THESIS
Represents the finite X — semilattice of Zl(X,Z), El(X ,3) and

> 4 (X ,8) classes unifications. Also, the subject of the research is the

42

[RY(Qu)[ =11-(2%%! ~1) (3%l — 2%l ). 3101
+11 (271 1) (30! - 2Pl ). gX0L
+11.(2%% 1) (307 —25‘23';-3“DI +
+11-(27'%1 -1)- (375l - 2”‘21'3-3'“5' +
+11- (2251 1) (3041 - 20al ). 3ol
_11. 2%\l .(2\Ze\z7\ _1). goz| _ olPz[) gxio] _
_11. 2/&\%l .(2\25\27\ _1). gP\al _ ozl gx\of _
—11. 2%\ .(2\24\27\ _1).(3‘5‘21\ _ 2\'5\21‘).3‘“'5\.
239960000569050565b7350TgLugMHOLABLIBOZMOLMSBILTo©Y35]
3b: Q,6,, :{{27,24,21,5},{27,26,21,D},{z7,zs,zs,5}}
Sbsom
D/ ={z,.2,,2,b}, D, ={Z,,2,,2,,D}, D} ={Z,,Z,,Z,,D}
05d0bdog0mgdo:
R'(Q.)=R(D})VR(D;)UR(D;)
©90853.2.9. 30d3o0 D ={Z,,2,,2,,2,.2,,2,,2,,D} €%, (X, 8).
d50dob | R* (Q4)|:| R(Dl’)|+| R(Dz’)|+| R(D3')|
9853.2.10. 3004350, D = {z7,ze,zs,24,zg,zz,zl, 5} €%,(X,8).
0y X Lo Lodmsgergs, 35806
R (Q,) =3 (221 ~1) (3512 - 2124, (g2l _ g0l ). 471y
+3,(2\zs\z7\ _1).<3|zl\ze\ _ 2|zl\ze\)_(3u5\zu _ oz ).4\“5\ +
+3,(2\ze\z7\ _1),(3|za\ze| _ 2|za\zs|)_(3u5\zsw _Z\ﬁ\zaw),zﬂx‘f’\.
39900056905  39bsbg35mTglgMol  AsbLEBOZMOL  Msbsbdo
83oJ3L:
Qb ={{2,,24,2,,2,},{2,,2,,2,,5}.{Z,,2,,2,,0}.{Z,,2,,Z,, D}

Sbsoy
D;:{z7,zﬁ,z4,zvl},Dz’:{27,24,26@1},@':{27,24,23,}3},
D, ={Z,,2,,2,,D},D; ={2,,2,,2,,D},D; ={Z,,2,,Z,,D},
D, ={z,,2,,Z,,D!,D; =1Z,,2,,Z,,D!.




35806 dogomqdo:
R*(Q)=R(D/))UR(D,)UR(D,;)UR(D;)u
UR(D;)UR(D;)UR(D;)UR(DY).
wgls 321130430 D=(7,,2,2,,2,.2,,2,,2,,D} €,(X,8).
05806 L8N 0605 8900IA0 BHMEIMDS
R (Qs) = RO+ R (D) +[R(D3 + R (04 )] +[R(DG |+ R (D¢ ) -
~[R(DI)R(D4 || R(D}) R(D3) R (D5 R (¢ -[R (D5 R D).
©9853.2.12. 3oodgom, D'={Z,,Y,Y" YUY} s D" ={Z, .Y, Y,\Y, LY/}
s®0s6 {D],D;,D;,D;,D;,D;} Lod®sgeol obgmo  gegdgb@gdo,
®md D'#D", Y, DY, Y/2Y @ B, (D) bsbggstxanznol o do-
Bo60 30056:09d0L 33500bMEOTocrmE FoMHIM@AGDL 593l Lobg
o= (Y T ) O (Y xT YO (Y xT" ) OV p x(T'UT7)),
bssg T, T T"eD, TcT', T<T" Y YY ¢{d}. 85806
a€R(D')NR(D") 85806 s dbm@m 85306, Oemgs
YoOYS oY, YUY oY YT Y =3, Y NY =D,
@gds 3.2.13. goodgoom D'={Z,YY' YUY'|sD"={Z, Y, Y Y, UY}
s®0s6 {D],D;,D;,D;,D;,D;}  Lod®sgeol obgmo  gegdgb@gdo,
6Od0d D'=D", Y,2Y, Y/2Y'. 85806 Lsds®ogosbos d9dwgy0
GM™d900:

[x\D]
’

|R(D1,)('\ R(D‘;’)| - 4.2‘23\21‘ .(2‘26\24‘ —~1)- 2\24\23\ ~1).4
|R(D2’)mR(D3')| - 4_(2\24\23\ _1). 21%\al (92l _}).4\x\5\,
|R(Dé)m R(Ds’ )| — 4_(2\24\23\ _1).(2%'2l _q _4‘><\D"
|R(D;)m R(D’)| - 4_(2\23\21\ _1).(2\24\23\ _1)'4\><\|5\.

©903.2.14. 3ord3s00 D =1{2;,2,2,,2,,2,,2,,2,,D} € Z,(X,8).

099 X Lab®Heno bLodMogengs, 35dob

R (Qs)] =8 (270 —1) (%%l 1) 42 g (271 - ). (27 1 A
+8.(2\23\Z1\ _1).(2%\2l _q .4‘“'5‘_8.(2\24\23\ _1).2\23\21\ ,(2\25\24\_1)_4\“5\_
—8. (2%l 1), (2% 71)-4‘“5‘.

32

ACTUALITY OF THE TOPIC

The semi group is a non-empty set, discussedin relation to binary
algebraic operation defined in it. According to Felix Klein, there were
some doubts about regarding the so-called “semi group”as the main
initial concepteven during the period of the group theory
establishment. Though, at that stage of the Math development the
decision was made in favor of the concept “groups”.

In the theory of semi groups the most important results are
related to the semi groups of binary relations.

The language of binary relations is convenient to use in Math
Linguistics, Math Biology and in different fields of applied Math. For
instance, the theory of binary relations is widely used in the theory of
Automaton. In particular, each finite universal automatic machine
can be represented as a check marked oriented graph, which is called
the diagram of the state.

The complexity of studying semi groups of binary relations is
that, they do not represent regular semi groups that make the studies
difficult. In connection with that, it became very interesting to study
the semi groups of binary relations and the systematic study of some
important classes with the help of total X —semi lattice which was
first used by lasha Diasamidze in his dissertation. (see. [68]). Let me
describe the method briefly.

In particular, with the symbol D we can note such non-empty
set of subsets of X set, which is close towards consolidation
operation of theoretical —set of D set elements. It is called the total
X — semi lattice. f should be any mapping of set X into the setD.
Each mapping of f should correspond ¢, = U ({X} x f (X))binary

xeX
relation on X set.
All of the set of binary relationsc; (f:X —D)can be marked

with the symbolB, (D). It is proved that BX(D)is semi group.
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